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CONSERVATIVE DILATIONS OF DISSIPATIVE
MULTIDIMENSIONAL SYSTEMS: THE COMMUTATIVE AND
NON-COMMUTATIVE SETTINGS

JOSEPH A. BALL AND DMITRY S. KALIUZHNYI-VERBOVETSKYI

ABSTRACT. We establish the existence of conservative dilations for various
types of dissipative non-commutative N-dimensional (N-D) systems. As a
corollary, a criterion of existence of conservative dilations for corresponding
dissipative commutative N-D systems is obtained. We point out the cases
where this criterion is always fulfilled, and the cases where it is not always
fulfilled.

1. INTRODUCTION

Consider 1D linear system of the form

| x(2) = zAxz(z)+ zBu(z),
= {30 2 0

where z € X[[2]], v € U[[z]], y € V[[z]] are formal power series in a single indeter-
minate z with the coefficients from separable Hilbert spaces X',U, ), respectively,
and A€ L(X), Be LU, X), Ce LX,Y), De L(U,DY),ie, A B,C,and D are
bounded linear operators acting in the corresponding pairs of spaces. Comparing
the coefficients of formal power series in the two sides of the equalities (1.1), we
obtain the standard form of 1D linear system in a discrete time domain:
¥ { ijrl = A{Ej +BUj,
y; = Cxj+ Duy,

(1.1)

i=0,1,..., (1.2)

together with the zero initial condition xy = 0. Here and in the sequel we prefer
to write a linear system in the form of equations for formal power series in one or
several, commuting or non-commuting, indeterminates.

From (1.1) we obtain the equality y(z) = Tx(z)u(z), where

To(z) =D+ Y CA'Bz € LU, V)[[2]
j=1
is a formal power series in z with the coefficients from L(U,Y), which is called
the transfer function of the system 3. It is clear that substitution of scalars for
the indeterminate in the series Ty, is well defined in some neighborhood of 0 € C
where the series converges, so that Tx becomes a holomorphic function on this
neighborhood where
Ts(z) =D+ C(Ix — zA)"'2B.

If a system ¥ of the form (1.1) is dissipative, i.e., the system operator

U:{é g}eﬁ(X@u,X@y) (1.3)
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is contractive, or, equivalently, system trajectories {u;,z;,y;}j=01,... (i-e., solutions
of the system equations (1.2)) satisfy the energy-balance inequality

lzje1l1* = |25]1% < |lujl|* = ||y;||* for j = 0,1,... (instantaneous form)

N N
lenal® = llzoll® <D lusl* = > lly;|I* for N =0,1,... (integral form), (1.4)
Jj=0 Jj=0
then Ty belongs to the Schur class S(U,Y) of holomorphic contractive L(U,Y)-
valued functions on the unit disk . Conversely, every formal power series F' from
the class S(U,)) has a dissipative, moreover conservative realization, i.e., a 1D
system X with a unitary operator U from (1.3), or equivalently, a 1D system X so
that the system trajectories {(u;, ;,y;)}j=0,1,... satisfy the energy-balance equality

l2j+1l1® = ll2511% = |Jus]|® = |ly;||* for j =0,1,... (instantaneous form)

N N
lznal® = lzoll* = D llull* = > sl for N =0,1,... (integral form) (L.5)
j=0 j=0

with a similar identity for trajectories of the adjoint system, such that F' = Ts;.
If one replaces the second equation in (1.1) by

y(z) = 2Cx(z) + zDu(z),

then one obtains a 1D system X’ which corresponds to a 1D system with a unit
delay in a discrete time domain:
r; = Ax;_1+ Bu;_4 .
¥ J J I =1,..., 1.6
{ y; = Cxz;_1+ Duj_q, J (16)
and has the transfer function

Tsi(2) = 2D+ 2C(Ix — zA) " *2B = 2D + ZCAJ;Qsz = 2Tx(2).
j=2
In the 1D case this gives an equivalent system theory, e.g., the transfer func-
tion of a dissipative system Y’ (which corresponds to the same contractive sys-
tem operator (1.3) as does X) belongs to the subclass S°(U4,Y) of the Schur class
S(U,Y) consisting of functions vanishing at 0 € C, and by the Schwarz lemma
S°U,Y) = 28U,Y). However, in the N-D case counterparts of systems 3 and %’
lead to non-equivalent theories: e.g., there is no canonical isomorphism between
the (commutative) Schur-Agler class SAx(U,Y) and its subclass SAY (U, Y) con-
sisting of functions vanishing at 0 € C, which serve as the corresponding classes
of transfer functions of conservative N-D systems (see [1, 12, 11] and [19]).
Denote the collection of data for the 1D system (1.1) or (1.2) (which is the same
for system (1.6)) by ¥ = (1;U; X,U,)), or in more detail, by
Y=(1;A,B,C,D; X, U,)).
We shall identify the system ¥ (say, of the form (1.1)) with this collection of data.
Recall that the 1D system 3= (1; A,B,C, D; 2?77/{, V) is called a dilation of the 1D
system ¥ = (1; A, B,C,D; X,U,Y) (or, alternatively, we say that ¥ is a reduction
of i) if there exist subspaces D and D, in X such that

X=D®X®D,, (1.7)
ADcD, CD={0}, A*D,cD, BD,={0}, (1.8)
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A=PyAlX, B=PyB, C=Clx (1.9)

(here Py denotes the orthogonal projection onto X in X). It is easily seen that in
this case & and ¥ have the same transfer functions (I's(2) = Tx(2)). In the affine
setting (where no energy-balance relations as in (1.4) are taken into account), the
process of reduction arises naturally in the Kalman theory of constructing a sys-
tem X with minimal possible state-space dimension having a given rational matrix
function F as its transfer function from a given system > having transfer function
equal to F (see [18]). Less well known is that there is also a version of Kalman
reduction which takes into account the energy-balance relations (1.4) (see [6, 7]).
The key notion is that of optimal and of *-optimal dissipative linear system: among
all dissipative realizations of a given Schur-class function S(z), the optimal (respec-
tively, x-optimal) dissipative realization is such that the state to which a given
finite input-string drives the system has minimum possible (respectively maximum
possible) norm (or energy)—to avoid trivialities one considers only observable real-
izations for the *-optimal case. Given a conservative realization i one can always
reduce to an optimal dissipative system ¥, or a x-optimal dissipative system X,..
In the theory of optimal and *-optimal dissipative systems, the converse direction
of conservative dilation of a given (not necessarily optimal) dissipative system plays
a key role.

The following lemma which has been proved in [20, Lemma 2.1] gives a reformu-
lation of this geometrical definition (1.8) of dilation/reduction in algebraic language
and generalizes the Sarason lemma [26, Lemma 0] on operator dilations to the case
of system dilations.

Lemma 1.1. The system Y= (1;Z,§,5LD;;%“,u,y) is a dilation of the system
Y =(1;A,B,C,D;X,U,Y) if and only if X D X and for all j € Z the following
equalities hold:

Al = PyAl|X, AAB =Py A/B, CA) =CA/|X, CAVB =CAB. (1.10)

A special case of Lemma 1.1 where Y = Y = {0} is the Sarason lemma [26,
Lemma 0]. From Lemma 1.1 we obtain the well known fact (see, e.g., [5]) that
transfer functions of a 1D system and of its dilation coincide (as formal power
series, and as functions holomorphic at 0 € C, on some neighborhood of 0). It
has been proved in [5] that any dissipative 1D system has a conservative dilation;
moreover, there is a minimal such conservative dilation which is unique up to a
unitary similarity. This result is a generalization of the Sz.-Nagy theorem on the
existence of a unitary dilation of a contractive operator [28].

The purpose of the present paper is to extend all these ideas, especially the
conservative dilation theorem for dissipative systems from [5, 6, 7], to the case of
N-D systems, both in the commutative and in the non-commutative settings. As
was mentioned above, the two types of systems (1.2) and (1.6), while equivalent
in the 1-D case, diverge in several directions in the N-D case. In Section 2 we
introduce the various types of N-D systems (for both the commutative and non-
commutative case) which we shall consider here, namely: Kalyuzhniy-Verbovetskyi
(KV) systems (following the terminology from [11] for the systems introduced in
[19]), Fornasini-Marchesini (FM) systems (appearing in [15] for the commutative
case), Givone-Roesser (GR) systems (originating in [16, 17] for the commutative
case) and structured or Ball-Groenewald-Malakorn (BGM) systems (appearing in
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[9, 10] for the noncommutative case). Here we also delineate the various relations
among these families of systems and introduce their respective transfer functions.

In Section 3 we define the notion of dissipative/conservative for each of these
types of N-D systems by demanding that each 1-D system in an appropriate parame-
trized family of 1-D systems associated with the N-D system be dissipative/conserv-
ative as a 1-D system in the sense described above; this follows the path of [20, 21]
rather than that of [13, 14, 10] where the dissipative/conservative property was
understood via multidimensional analogues of the “time-domain” energy-balance
relations (1.4) and (1.5).

As there is a multitude of types of N-D systems, there is a corresponding multi-
tude of forms of the conservative system dilation theorems for the N-D case. The
first theorem obtained of this kind was in the context of commutative KV systems
(see [20]). It was shown in [20] that for N > 3 not every N-dimensional dissi-
pative KV system has a conservative dilation, and a criterion for existence of a
conservative dilation of dissipative KV system was obtained. Let us remark also
that in [21] it was shown that any commutative KV system has a J-conservative
dilation, with some signature operator J = J~! = J* which defines a (in general,
indefinite) metric in the state space of this dilation system. Section 4 presents our
results on conservative dilations of KV systems. We prove that every dissipative
non-commutative KV system has a (even so-called uniform) conservative dilation
(see Theorem 4.5). As a consequence, we obtain the criterion from [20] for the ex-
istence of a conservative dilation for commutative KV systems (see Theorem 4.10).
Moreover, in the case when a conservative dilation exists, we establish the existence
of a so-called uniform conservative dilation for the commutative case (see Theorem
4.11); this is an improvement of the main result of [20].

In Section 5 we establish analogous results for Fornasini-Marchesini (FM) sys-
tems, both in the commutative and non-commutative settings (see Theorems 5.5,
5.11 and 5.12). Note that the version of dissipative FM systems considered here
(which will be called the polydisk version), as well as of KV systems, is related to
functions on the unit polydisk DY in the commutative setting, and to functions on
the non-commutative polydisk DY, the set of N-tuples of strictly contractive linear
operators on a common separable Hilbert space, in the non-commutative setting.
Conservative FM systems of this type were first considered in [11]. (The ball version
of conservative FM systems was considered in [13] in the commutative setting, and
in [14] in the non-commutative, or Cuntz-algebra, setting.)

In Section 6 we prove that every dissipative non-commutative structured N-D
system, or Ball-Groenewald-Malakorn (BGM) system (see [9, 10]) has a conser-
vative dilation (see Theorem 6.6). In the commutative setting, as opposed to the
cases of KV and FM systems, we obtain that every dissipative BGM system has a
conservative dilation (see Theorem 6.9). We remark that the notion of commutative
BGM system appears here, apparently, for the first time.

One of the main tools used to obtain these conservative dilation theorems is a
version of the Sarason lemma for each type of system which we also obtain along the
way. In the derivation of many of the results mentioned above, the non-commutative
case is derived first and then the commutative case is derived as an application of
the non-commutative version.

As was mentioned above, the notion of conservative dilation of a dissipative
system plays a key role in the theory of optimal and *-optimal dissipative systems.
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We expect that the results of this paper will provide the starting point for the
development of an N-D analogue of the theory of optimal and x-optimal dissipative
linear systems.

2. PRELIMINARIES ON MULTIDIMENSIONAL SYSTEMS

We consider N-dimensional linear systems of the form
() WW
D =U, , 2.1
IR 2
where z(z),u(z),y(z) are formal power series (FPSs) in N indeterminates z =
(z1,...,2n) which commute (in this case we write ¥ = 3°) or do not commute (in

this case we write ¥ = X"¢), with the coefficients in separable Hilbert spaces X
(the state space), U (the input space), Y (the output space), and

N

A. B.

UZ:U0+ZUkzk:{C D ] (2.2)
k=1 z z

is a linear polynomial in z with the coefficients in L(X ®@U, X ©Y). We use the
convention that the product of two FPSs with compatible spaces of (operator or
vector) coefficients (in particular, one or both of these FPSs may be polynomial)
is well defined, i.e., the indeterminates formally commute with the coefficients. In
the commutative case,

z(z) = Z z2" € X[[21,. .., 2n]],

tezf;
where L[[z1,...,2n]] denotes the linear space of commutative FPSs with the co-
efficients in the linear space £, Z}, = {t € ZV : t;, > 0,k = 1,...,N} and
2t = Hfj:l zk for t = (t1,...,tn) € Z}. Similarly for u(z) € U[[z1,...,2n]],

y(2) € V[[#1,- -, 2N]]-
In the non-commutative case,

x(z) = Z T2 € X ({z1,...,2N))

weFN

where L£{(z1,...,zn)) denotes the linear space of non-commutative FPSs with the
coefficients in the linear space £, Fy is the free semigroup with N generators
g1, - -, gy and neutral element 0; 2% := z;, ---2z; for w=g;, ---g; , and 20 =1.
Similarly for u(z) € U {{z1,...,2n)), y(z) € Y {21, ..., 2N))-

The time-domain version of the system equations is obtained by equating power-
series coefficients in the frequency-domain equations (2.1). For the noncommutative
case the result is

xgj'u = AOxgjv + Ajl‘v —+ Bougjv —+ Bjuv, (23)
Yg;jo = CoTg,v + Cjzy + Doz g0 + Djz, for j=1,...,N and v € Fy (2.4)
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while for the commutative case the result is

N N

Ty = ont + Z Ajl’tfe]. + B()Ut + Z Bjutfej (25)
Jj=1 Jj=1
N N

Yy = Coxy + Z ijt—ej + Dous + Z Djut_ej for t € Z?\—[ (26)
j=1 j=1

where e; = (0,...,1,...0) is the j-th standard N-tuple for the lattice Z. In the
sequel we shall focus exclusively on the frequency-domain version of the system
equations.

In this paper we concentrate on the following types of N-D systems.

2.1. Kaliuzhnyi-Verbovetskyi (KV) systems. These are systems (2.1) for which

zA 2B
2C 2D } ’ (2.7)
where zA = Eszl Ay for A = (A, ..., Ay) € £(X)Y, and similarly for 2B, 2C
and zD. The corresponding “N-D time-domain” equations are obtained as equa-
tions for the coefficients of FPSs in (2.1) with U, = UXV given in (2.7). In the
commutative case, they were considered first in [19] (see also [20, 21, 22, 11]).

Uz:UKV:[

2.2. Fornasini-Marchesini (FM) systems. These are systems (2.1) for which

zA 2B
il } (28)

where C' and D are constant. The corresponding “N-D time-domain” equations
have appeared first in the commutative case in [15], and in the non-commutative
case in [9].

UZ—UZFM_{

2.3. Givone—Roesser (GR) systems. These are a special case of FM systems
where

_ 7GR _ zP 0 A B
U. =U; —{0 Iy][C D | (2:9)
with a constant operator-block matrix
A B
U:{C D} eLXDUXDY), (2.10)

and zP := Zszl 2Py, (here P = (Py,...,Py) € L(X)" is an N-tuple of the
orthogonal projections Py onto the subspaces X} C & such that X = @szl Xk).
Thus, we have Ay = PyA, By = PyB, £k = 1,...,N, in the definition of FM
system. The corresponding “N-D time-domain” equations have appeared first in
the commutative case in [16, 17], and in the non-commutative case in [9].

2.4. Structured, or Ball-Groenewald—Malakorn (BGM) systems. Let us
first recall briefly some auxiliary definitions from [9]. A bipartite graph G with
the finite (ordered) sets of source vertices, S, of range vertices, R, and of edges,
E, is called admissible if each pathwise-connected component Gy of G is a non-
degenerate complete bipartite graph; i.e., its (non-empty) sets of source vertices,
Sk C S, and of range vertices, Ry, C R, are such that for each pair (s,7) € Sk X Ry
there is exactly one edge e € E with s(e) = s and r(e) = r (here s(e) is the source
vertex of the edge e, and r(e) is the range vertex of the edge e).
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Let {Xs}ses and {X,.},cr, be two sets of Hilbert spaces indexed by the sets of
the source vertices, S, and of the range vertices, R, respectively. We will assume
that if the path components of the vertices s1,s2 € S, 1,72 € R are the same:

[s1] = [s2] = [r1] = [r2],

then
Xy, =X, =X = X,

In other words, a Hilbert space X5 or A, is determined by the path-connected
component of the vertex s or r.

With an admissible graph G and the collections of Hilbert spaces {X;}scs and
{X,}rcr specified, define a linear form Ay(z) in (commuting or non-commuting,
depending on the setting) indeterminates z = (z., ¢ € F) indexed by the edge set
E of G, as follows. For each e € E, define a matrix I . = [Iy e:s.r]ses, rer (With
rows indexed by S and columns indexed by R) with block operator entries given by

Ix =1y if (s,7) = (s(e),r(e))
= [s(e)] [(r(e] ) ) ’
Izcssir { 0 otherwise. (2.11)
This matrix represents an operator from @, ., X, to @, g Xs. Then set

As(z) =D Iseze. (2.12)

ecl

(This linear form is denoted in [9] by Zg(z), however we prefer to change the
notation here to avoid some confusion.)
BGM systems are a special case of FM systems, with N = #FE, X = @, g X[

and with
Ax(z) 0 A B
_ 77/BGM _ b))
g [850 0 ][4 8] -
with a constant operator-block matrix
U = A B = [ATvS]TER.,SGS COITER[BT}
C D rowscs[Cs) D

m

c <<@ X[s]> oU, (@ XM> ® y) . (2.14)
ses reR

Thus, we have Ay, = Is ¢, A, By = Is e, B, k=1,..., N, in the definition of FM
system. The corresponding “N-D time-domain” equations have appeared first in
the non-commutative case in [9].

Let us note that both a FM system and a GR system, in turn, can be viewed as
special cases of a BGM system (see [9]). For the case of a FM system, the graph
G consists of one component, E = {ejy,...,ex}, S={s1}, R={r1,...,rn}, A=
colg=1,.. . N[Ak], B = colg=1,... n[Bk], Ax(z) = rowi=1,. n~[2klx]. For the case of
a GR system, the graph G consists of N components, E = {e1,...,en}, S =
{81,...,51\]}, R = {Tl,...,’r’N}, A= [Akj]k,jzl,...,N; B = CO]k:l,...,N[BkL C =
TOWg=1,..., N[Ck]a AE(Z) = diagkzl N[ZkIXk].

.....
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2.5. Transfer function of a N-D system. If A, in (2.2) is linear homogeneous,
ie., A, = zA (which is the case for all the types of systems above), then it follows
from system equations (2.1) that

y(2) = Tu(2)u(2),

where

(oo}
Ts(z) = D. + Z C.A'B,

j=0
is a FPS (commutative or non-commutative, depending on the setting) with the
coefficients in £(U,Y), which is called the transfer function of the N-D system
Y. Note that substitution of scalars z1,...,zy in the place of commuting indeter-
minates always turns Txc into a holomorphic function on some neighborhood of
0€eCN.

We will use a notation ¥ = (N;U,; X,U,Y) for a N-D system (2.1). For a

BGM system YBOM = (N;UBSM: x 1/ V) we prefer to use notation ¥BEM =
(G,U;x,U,Y).

3. DISSIPATIVE AND CONSERVATIVE N-D SYSTEMS

3.1. KV systems. Recall (see [19]) that the commutative KV system YKV =
(N;URV:e, X U, V) is called dissipative (respectively, conservative) if for every ¢ €
TV (the N-dimensional unit torus)

N
UEY =(U =) Gl
k=1

is a contractive (respectively, unitary) operator, where U = (Uy,...,Uy), with

| Ax By _
U’“'_[Ck Dk]ec(;v@u,;\f@y), k=1,...,N.

Let By (U,Y) denote the class of commutative FPSs which become holomorphic
contractive £(U,))-valued functions on the unit polydisk DV, and B (U, )) its
subclass consisting of FPSs F with Fy = 0. Let SAyN(U,)) denote the Schur—
Agler class of commutative FPSs F(z) = Ztezf F;z' € By(U,Y) which satisfy
|IF(T)|| <1 for any N-tuple T = (T1,...,Tn) of commuting strict contractions on
some common Hilbert space H, where

F(T) := Z F, o T,

N
tezy

and the series converges in the operator norm. Finally, let SA% (U, )) be a subclass
of the class SAy (U, Y) consisting of FPSs F with Fy = 0. It was proved in [19] that
an arbitrary dissipative commutative KV system YXV-¢ = (N; URV-¢; X 1/, )) has
the transfer function Txxv.c in B (U, Y). It was also proved in [19] that an arbitrary
F € SAYU,Y) has a conservative KV-system realization, i.e., a conservative KV
system XKV:¢ = (N;UXVe: X U, Y) such that F = Tykve. In the cases N = 1
and N = 2 the classes BY (U, Y) and SAY (U, D) coincide, thus for these cases the
class of transfer functions of dissipative commutative KV systems, as well as the
class of transfer functions of conservative commutative KV systems, with the input
space U and the output space Y, is By (U,Y) = SAXN(U,Y) (see Theorem 2.3 and
Theorem 3.2 in [19]). It was shown in [22] that for every N > 3 these classes



CONSERVATIVE DILATIONS OF DISSIPATIVE MULTIDIMENSIONAL SYSTEMS 9

of transfer functions, in general, do not coincide. Namely, the class of transfer
functions of dissipative commutative KV systems with some input space U and
some output space ) is a strictly larger subclass in BY (U4,Y) than SAYU,D),
while the latter, in case & = ) coincides with the class of transfer functions of
conservative commutative KV systems. However, it is still an open question as to
exactly how large a class it is—in particular, whether it is a proper subclass in
B (U, ) for some pair of U and Y or whether it coincides with all of B (U, V) for
every pair of  and ).

We shall call a non-commutative KV system XKV:n¢ = (N; UKVne: ¥ 14 ) dis-
sipative (respectively, conservative) if for every V. = (Vi,..., Vy) € UV (the set of
N-tuples of unitary operators on a common Hilbert space, say H),

N
UaV:i=> UioWeL(XaoU)aH,(X®))@H)
k=1

is a contractive (respectively, unitary) operator. Let us remark that we can consider
the same collection of data ¥V = (N;UKV: X 14, Y) for the commutative KV
system, YXV:¢ and for the non-commutative KV system, $XV:2¢. Then (see [19,
Proposition 2.4] and [24, Proposition 2.1]) ¥XV:2¢ is conservative if and only if
YKVie ig conservative. It is obvious that if KV-"° is dissipative then ZKV:© is
dissipative as well. The converse is true for N = 1 and N = 2, however is not
true for N > 3. Indeed, for N = 1 if ||CU| < 1 for every ¢ € T then |U] < 1,
and hence [|[U @ V|| < 1 for every unitary operator V. For N = 2 the generalized
von Neumann inequality established in [4] implies that one has |[U® T|| < 1 for
every pair T = (T1,T3) of commuting contractions as soon as maxccp2 |[(U| < 1,

therefore it is also true for every pair T = (;Fvl, E) of non-commuting contractions.

To show the latter, for a pair T = (T}, T2) of non-commuting contractions acting on
a Hilbert space H we define a pair of commuting contractions T = (T7,7%) acting
on H & H by

0 T

Ty =
F {0 0

:| ; k= ]-v 27
(clearly, T;T; =0, k,j = 1,2) and observe that

U T|=|UsT|<1.

In particular, for every pair V. = (V4, V) of unitary operators, one has ||[U ® V|| <
1. For N > 3 it was deduced in [20, Theorem 5.5] from the main result of the
paper [23] that there exists a commutative dissipative KV system YXV:¢ such that
lU® T|| > 1 for some N-tuple T = (T1,...,Ty) of commuting contractions on a
Hilbert space, say H, thus the corresponding non-commutative KV system LKV.ne
cannot be dissipative. Indeed, by [29] T has a unitary dilation, i.e., an N-tuple
V = (V1,...,Vy) of (not necessarily commuting) unitary operators on some Hilbert
space IC D H such that

T = P,V®H, we Fy,
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thus
N N
eV = D UieV Z Ixgy ® Pr)(Ux @ Vi)|(X @ U) ®H)H
k=1 k=1
N
= D UeT||=UeT|>1.
k=1

Recall (see [10]) that the non-commutative Schur-Agler class SAN (U,Y) con-
sists of non-commutative FPSs F(2) = Y o Fuz" € LU, V) ((21,...,2N)) sat-
isfying the condition that the series

F(T):= Y F,@T"€LURH,YRH)

weFN

converges as a sequence of homogeneous polynomials in the norm topology to a
contractive operator for every T € DY, i.e., for every N-tuple of strict contractions
T = (Th,...,Tn) on a common Hilbert space H. It was shown in [2] that for
F e SAY(U,Y) it suffices to verify the convergence and the property ||F(T)|| <1
for all T from the non-commutative matriz polydisk DY... C DV (the latter is
the disjoint union of the sets of all N-tuples of strictly contractive n x n matrices,
n=1,2,...). Let SAY°U,Y) denote the subclass of SAN(U,Y) consisting of
FPSs F which satisfy Fy = 0.

Proposition 3.1. The transfer function Tsxv.ne of a dissipative non-commutative
KV system XXV:n¢ = (N; UKV:nes ¥ 14 V) belongs to the class SAX,C’O(U, V). An ar-
bitrary F € SAW (U, ) admits a conservative KV realization, i.e., a conservative
non-commutative KV system LEV:1¢ = (N; URV-ne, X 1 V) such that F = Tgxv ne.

Proof. Let ¥EV:ne = (N; UEV’HC;X,U,JJ) be a dissipative non-commutative KV
system. Let n € Z; \ {0} and T = (T1,...,Tn) € DY, N ((C”X")N. Then by the
maximum principle

N
[UeT|=|> Ui@T| <1
k=1
(we recall that YN N ((C"X") is the Shilov boundary of DY . N ((C"X”)N [27]).

Hence,
[A® T = [|(Pxr ® I)(U® T)|(X ©C")|| < 1.
This implies that

Tsxvme (T) DT+ (C®T) ZA@T (B®T)

= D®T+(C®T)(IX®@1—A®T) (B@T)

is well defined. The 1D system fo.v’“c = (LAT,BT,CT,DT;X ®
C™",U @ C", Y ® C"™) is dissipative, thus its transfer function

Tyxvae(A) =MD ® T) + MC @ T)(Lxgcr — MA@ T)) 'A(B®T)
is a contractive holomorphic function on the unit disk . The function Txxv.ne(Z),

as a function of matrix entries (Z;C)Z.j, k=1,...,N, i,5=1,...,n, is holomorphic,
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and thus continuous on DY, N ((C”X")N. Therefore,

matr
ne = i ne = i ne <
[Toevae(D| = | Jim  [Towva WD = | dim [Ty (V] < 1,

which implies, together with the obvious property (Tyxv.ne)y = 0, that Txkvae €
SAYWOWU, ).

For the second statement of the Proposition, assume first that F' € S.AX,C’O(J)),
i.e., that & = Y. Then (see [24]) the FPS

f(2) = Iy + F(2))(Iy = F(2))™"

is well defined and belongs to the subclass HA"NC’I()}) of the non-commutative
Herglotz—Agler class HAN (), ie., f € HAN(Y) and fy = Iy (recall that the
class HAR (Y) consists of non-commutative FPSs ¢ € L(Y) ((21,...,2n)) such
that the series ¢(T) = >_, c 7, $w ® T converges in the operator norm as a series
of homogeneous polynomials, and Re ¢(T) > 0 for every N-tuple T = (T1,...,Tn)
of strict contractions on a common Hilbert space). By [24, Theorem 3.1], there
exists a conservative non-commutative KV system YKV:n¢ = (N; va’nc; X,0,Y)
such that

f(z) = Py(Ixey + 2U)(Ixgy — 2U0) 1. (3.1)

Therefore,

F(z) = (f(2) = Iy)(f(2) + Iy)~!

Iy = 2(f(2) + Iy) ™

= Iy —2(Py(Ixey + 2U)(Ixgy — 2U) YV + 1)~
Iy = (Py(Ixgy — 20) 1))

Iy — (Iy — 2D — 2C(Ix — zA)"'2B)

= 2D+ 2C(Iy —2A) 2B

= TEKV.nc(Z)

(we used here the well known Schur complement formulas).
Consider now the general case F' € SAY(U,Y). Define

F(z) = { F(()Z) 8} ELUDY) (21, 2n)).

Clearly, F e SAK,C’O(Z/{ @ Y). By the result of the previous paragraph, there is a
conservative non-commutative KV system YKV:n¢ = (N; UKV X Y @ Y, U DY)
such that Tsxv .. = F. In particular,

~ 0 0
Dk:[Dk 0}e£(ueay)

where we set Dy, := Fg,, k=1,...,N. We may also write
Bo=| B B |ecwor.®d, k=1

—~U

oo lecFuey), k=1,....N.
Ck

Cr, =
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We define another non-commutative KV system ZKV:n¢ = (N; UXVne, ¥ 1)) as

follows. Set X :=--- U DU D 2?@)%9)26} -+, and with respect to this orthogonal
sum decomposition,

0
1k o 0
k —~U
Ap = ~1 =¥ . Br:=1|B ,
Ayl B ’5
01k
Ck = .0 6];)} 0o ... s k:].,,N

Here 071, is the Kronecker delta, blank places in the matrix Ay correspond to zero
operator blocks, and the frames allocate an £(X, X)-block, an L(U, X)-block, an
C(f, Y)-block in matrices Ay, By, and Cj, respectively. It is an easy exercise to
check that the just defined KV system ZKV:1¢ is conservative, and that Tsxv.ae = F.
(Hint: observe that F(z) = 2D + 2C¥ (I 5 — zA)~12BY.) O

Since any conservative non-commutative KV system is dissipative, this theorem
means that the class of transfer functions of dissipative non-commutative KV sys-
tems, as well as the class of transfer functions of conservative non-commutative KV
systems, with the input space U and the output space ), is SAK[C’O(U V).

Remark 3.2. For the proof of the first statement of Proposition 3.1 we used here
the same argument as for the proof of its commutative counterpart, [19, Theo-
rem 2.3]. The proof of the second statement goes through without changes in the
commutative setting for functions/commutative formal power series from the class
SA?V (U,Y) by making use of Agler’s theorem on representation of functions f from
the Herglotz—Agler class HAn(U,Y) with an additional condition f(0) = Iy [1,
Theorem 1.8] instead of of its non-commutative analogue (see [24, Theorem 3.1]).
In the commutative case, this proof is new and becomes the third proof of this
result (the first proof appeared in [19] and used Agler’s identities and the “lurk-
ing isometry” argument with some extra observation connected with the condition
F(0) = 0; the second proof follows from the identifications between commutative
conservative KV, FM and GR systems established in [11, Remark 2.5]).

3.2. FM systems (the polydisk case). Let us note that the properties of dis-
sipativity and conservativity of KV systems in Section 3.1 were associated with a
certain domain. Namely, with the unit polydisk (DY in the commutative setting,
and DV in the non-commutative setting), or with its essential boundary (TV in
the commutative setting, and 4"V in the non-commutative setting - in this case the
notion of “essential boundary” is not defined rigorously, and we use it as slang).
More precisely, these properties were defined via values of U, on TV U N, and then
the transfer functions became well defined and holomorphic on the (commutative
or non-commutative, depending on the setting) unit polydisk. In this section we
study dissipative and conservative FM systems in the polydisk version.
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A commutative FM system XFM< = (N; UM< x 1/, )) will be called DV -
dissipative (respectively, DV -conservative) if for every ¢ € TV,

UM = [ é,A %B } eLXoUXDY)

is a contractive (respectively, unitary) operator.

Proposition 3.3. The transfer function Tsrv.e of a DN -dissipative commutative
FM system YFM¢ = (N; UFM<: X U, V) belongs to the class By (U, D).

Proof. Since by the maximum principle U, € By(X @ U, X @ Y), one has also
A, = 2A = PxU,|X € Bx(X). This implies that Tsyrm.c(2) = D+C(Ix—2A)"12B
is well defined and holomorphic on D¥. Fix an arbitrary z° € DV. Then the 1D
system ES&VI’C = (1;2°A,2°B,C, D; X,U, ) is dissipative, thus its transfer func-
tion TEF(I)\/[,C (A\) = D+ C(Ix — Az°A)~tXz"B is a contractive holomorphic function
on the unit disk D. The function Tsym.e(2) is holomorphic, and thus continuous,
at 20. Therefore,

[Tomec () =l [Toewe()] = lim | [Tgmee ()] < 1

This completes the proof. O

It has been shown implicitly in [11] that an arbitrary commutative formal power
series F' from the Schur-Agler class SAy(U,Y) has a DV -conservative FM system
realization $FMC = (N; UFMe; X U, ), i.e., F = Tsrue. Indeed, by Agler’s real-
ization theorem (see [1]), F' has a conservative commutative GR system realization
NORe = (N; USRS, X U, ), with the linear function USR as in (2.9), where the
conservativity means that the matrix

A B
v-[e b
in (2.9) is unitary. It is straightforward to see that a commutative GR system is con-
servative if and only if this system viewed as a FM system is DV -conservative, since
the linear function zP in (2.9) is unitary on T. Thus, Agler’s theorem guarantees
the existence of a D™V-conservative FM system realization for F' € SAyx(U,Y). In
the cases N = 1 and N = 2 the classes By (U,Y) and SAn(U,Y) coincide, thus
for these cases the class of transfer functions of DV-dissipative FM systems, as well
as the class of transfer functions of DV -conservative FM systems, with the input
space U and the output space ), is By(U,Y) = SAn(U,Y). Let us show that for
every N > 3 these classes of transfer functions, in general, do not coincide. By [23],
for every N > 3 there exists a (finite-dimensional) Hilbert space X and a linear
function B, = zB € L(X)[z1,...,2n] such that B, € By(X)\ SAn(X). Then
the system XFM< .= (N; UM< = I(i %Z 1 X, X, X) is DN-dissipative, and
its transfer function Txrm.c = B, € By (X) \ SAN(X). Thus, the class of transfer
functions of DV -dissipative FM systems with the input and output spaces equal
to X is larger than SAN(X), while the latter coincides with the class of transfer
functions of DV-conservative FM systems with the input and output spaces equal
to X. As in the case of commutative KV systems, it is still an open question as to
exactly how large a class it is—in particular, whether the class of transfer functions
of DN -dissipative FM systems with the input space & and the output space ) is a
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proper subclass in By (U, Y) for some pair of spaces U and ) or whether this class
coincides with all of By (U,Y) for every pair of U and Y.

A non-commutative FM system Y¥Mne = (N; yFMne. x 14 ) will be called
DN _dissipative (respectively, DV -conservative) if for every V.€ UN N L(H)N, with
some Hilbert space H,

[A®V BeV

FM |
UCM=| oL, Deh, cL(XOU)OH,(XDY)RH)

is a contractive (respectively, unitary) operator.

Note that the non-commutative FM system %FM:ne — (N; UFMmne. x 14 ) is
DN -conservative if and only if the corresponding commutative FM system SFM:¢ =
(N; UFMe, X U, V) is DV-conservative. Indeed, the “only if’ part is obvious. For
the proof of the “if’ part, suppose that LFM:¢ is DV-conservative. Then for each
¢ € TN the operator

UM = [ %" %3 } eLXoUXDY)

is unitary, i.e., isometric and coisometric. The isometry relations for U, CF M ¢ceTN,
altogether are equivalent to the following equalities (see (2.16) in [11]):

N N
> ApAL+CTC =, S AfBy +C*D =0, > BiBy+D*D =1,
k=1 k=1
ApA; =0, A;B; =0, B;B; =0 fork#3j.(3.2)
For an arbitrary N-tuple V = (V1,..., V) of (not necessarily commuting) unitaries
on a common Hilbert space H by virtue of (3.2) we obtain
pimegEM _ | A®@V BaV ['[ AV BgV
v v _O@IH D® Iy CRIy D®Iy
(S A3 Ak +C*C) @ Iy 0
_ 0 (fozl BBy + D*D) ® I
_ [ Ixen 0 }
0 Tuew |’

i.e., UPM is an isometry. Analogously, from the coisometry relations for UCF Mo¢e
T¥, one obtains the coisometry relations for UM, V€ YV, Thus UM is unitary
for every V. € UV, i.e., the system XFM:n¢ is DN_conservative.

It is clear that if XFMm¢ is DN _dissipative then ©FM:¢ is DN -dissipative. The
converse is true in the cases N = 1 and N = 2 (this can be shown in the same
way as in the case of KV systems from the previous subsection), and is not true
in the case N > 3. Indeed, in the case N > 3, by [23] there exists an N-tuple
A = (4;,...,An) of operators on some finite-dimensional Hilbert space X and an
N-tuple T = (T1,...,Tn) of contractions on some other finite-dimensional Hilbert
space ‘H such that [[A® T| > 1 = max¢ern [[(A|. Then the commutative FM
system YFMe .= (N;UFMe = 2 A; X {0},{0}) is DV-dissipative, and the corre-
sponding non-commutative FM system LFM:ne .= (N; UFMne = 2 A X {0}, {0})
is not DN-dissipative for the same unitary dilation reasoning as in the previous
subsection for a KV system.
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Proposition 3.4. The transfer function Tsevme of a DN -dissipative non-commau-
tative FM system YFMne = (N; UFMne, X 14 Y)) belongs to the class SAYU,Y).
An arbitrary F € SAY(U,Y) admits a DY -conservative realization, i.e., a DN -
conservative non-commutative FM system S¥Mne = (N UFMne, x 14 Y) such that
F = TEFI\’I,DC.

Proof. Let ¥¥Mme — (N; UFMmne: ¥ 14, ) be DV -dissipative. Let n € Z, \ {0} and
T=(T1,...,Tn) € DN, N ((C”X")N. Then by the maximum principle

joEvy || AeT BeT
T C®l, DI,

B

(we recall that U N ((C"X”) is the essential (or Shilov) boundary of DY, N

((C”X”)N [27]). Hence, due to the fact that T = (T1,...,Ty) is an N-tuple of strict
contractions,

|A & T|| = ||(Px @ L,)U™|(X ® C")|| < 1.
This implies that

oo
Terne(T) = DRI, +(C®1,)> (AT (B&T)
7=0

= DRI+ (C®L)Ixger —A®T) ' (BeT)

is well defined. The 1D system Ym"" := (LA®T,BRT,C @ I,,,D® I,; X ®
C™",U @ C", Y ® C") is dissipative, thus its transfer function

Tyrunc(A) = D@ I, + (C® I)(Ixger — MA@ T) 'AN(B®T)

is a contractive holomorphic function on the unit disk . The function Txrm.ne(Z),

as a function of matrix entries (Z’f)ij7 k=1,...,N, i,7=1,...,n, is holomorphic,
and thus continuous on DY, N ((C”X")N. Therefore,
[Torae(T) =t [Torne ) =l [Typne ()] < 1,

which implies that Txevne € SAR (U, V).
It is straightforward to see that a non-commutative GR system is conservative
(which means that
A B

Cc D

n (2.9) is unitary) if and only if this system viewed as a non-commutative FM
system is DN -conservative, since the linear function 2P in (2.9) is unitary on U™.
By [10], an arbitrary F € SA¥ (U,)) admits a conservative non-commutative GR
system realization, which can be viewed as a DM-conservative non-commutative
FM system realization. O

Since any D"-conservative non-commutative FM system is D™ -dissipative, we
obtain the following.

Corollary 3.5. The class of transfer functions of DN -dissipative non-commutative
FM systems, as well as the one of DN -conservative non-commutative FM systems,
with the input space U and the output space Y, is SAN (U,)).
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3.3. BGM systems. We will call the (commutative or non-commutative) BGM
system LBCM — (G, U; X, U,Y) dissipative (respectively, conservative) if the opera-
tor U € L ((B,esXs) ®U, (B, crXr) @) is contractive (respectively, unitary).
The natural domain associated with a commutative BGM system ¥ = RBGM:¢ jg

Day = {z € CV: |Ag(2)ll <1},

where Ay is defined by (2.12). Let us remark that in the case of FM systems
considered as a special case of BGM systems (see the last paragraph in Section 2.4),
this domain becomes the unit ball:

Da, =BY :={zeCV: |52+ - +|an2 < 1},

and in the case of GR systems considered as a special case of BGM systems (see
ibidem), this domain becomes the unit polydisk: D, = D¥. The domain D, is a
special case of polynomially defined domains (see [3, 8]) where the polynomial is a
linear function Ay. The Schur—-Agler class associated with the domain Da,, (see [3,
8] for the definition of the more general Schur—Agler class associated with a domain
with polynomial rather than linear defining function) is the class SAa. (U, Y) of
commutative formal power series

F(z)= Y Fz' e LU,D)([z,. .., 2v]]
tez
which become holomorphic functions on Da and satisfy the condition that
F(T):= > F®T
tezZy

is a contraction for any N-tuple T = (T1,...,Tn) of commuting bounded linear
operators on a common Hilbert space subject to the condition

N

ZIE,ek 02y Tk

k=1

1A= (T)|| = < 1. (3.3)

It is easy to show that the transfer function Txsem,c of a commutative dissipative
BGM system “BGMc — (G U; X, U, )) belongs to the class SAa. (U,)) (one can
use the same closed-loop-transformation argument as was used for the proof of
implication (5)==-(1) in [8, Theorem 1.5]). On the other hand, it follows from
[8, Theorem 1.5] that every F' € SAa,,(U,Y) admits a conservative commutative
BGM-system realization. Thus, we obtain the following result.

Proposition 3.6. The class of transfer functions of commutative dissipative BGM
systems (as well as the corresponding class for commutative conservative BGM
systems) with the input space U and the output space Y coincides with SAx, (U, V).

The non-commutative domain Da,, associated with a non-commutative BGM
system ¥ = YNBGMne congists of N-tuples T = (T1,...,Tx) of (not necessarily
commuting) bounded linear operators on a common separable Hilbert space subject
to the condition

N
> Iz, @ Tk
k=1

[As(T)|| = <l (3-4)
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Let us remark that in the case of FM system considered as a special case of
BGM system (see the last paragraph in Section 2.4), this domain becomes the
non-commutative unit ball: Do, = BY, i.e. consists of strict row contractions

N
T=(T,....Tn): Y TT; <1,
k=1

and in the case of GR system considered as a special case of BGM system (see
ibidem), this domain becomes the non-commutative unit polydisk: Da, = DV.
The non-commutative Schur—Agler class associated with the domain Da, (see [10])
is the class SAX’, (U,)) of non-commutative formal power series

F(z) = Z Fuz" e LU, Y){(z1,-..,2N))

weFN
which satisfy the condition that the series

F(T):= > F,@T"

weFN
converges as a sequence of homogeneous polynomials in the operator norm to a
contraction for any T € Da,. It was shown in [10] that the transfer function
Tsem ne of a non-commutative dissipative BGM system LBGM:re — (@ U X, U, V)
belongs to the class SAR. (U, V), and every F' € SAX (U,Y) admits a conservative
non-commutative BGM-system realization. Thus, the class of transfer functions
of non-commutative dissipative BGM systems (as well as the corresponding class
for non-commutative conservative BGM systems) with the input space U and the
output space ) coincides with SAXS (U, ).

Remark 3.7. In order to get ' € SAX, (U,)) it suffices to have the inequality
[|IF(T)|| <1 valid for every N-tuple T of finite-dimensional operators (n x n ma-
trices, n = 1,2,...) subject to condition (3.4) (in this case we will write T €
DAy matr C Day). This fact has been proved in [2] for the case where Da, = DV
(see the paragraph preceding Proposition 3.1), however the proof extends verbatim
(with some obvious changes in notations) to an arbitrary non-commutative domain
DAy

4. DILATIONS OF KV SYSTEMS

4.1. The non-commutative setting. We will say that the non-commutative KV
system $KVone — (N; ﬁfv’“‘:; /'F,Z/{, V) is a dilation of the non-commutative KV sys-
tem LEV:ne = (N, URVne, ¥ 1 VY ifforeveryn € Z,\{0}and Z = (Z4,...,ZN) €
((C"X”)N the 1D system EIZW’“C = (1;4& ©ZB®ZCRZDRZXC'U
C", Y ®C") is a dilation of the 1D system X" ™ := (1;,A® Z,B®Z,CQZ,D®
Z; X C"URC",Y®C"), ie., for every n € Z, \ {0} and Z € ((C”X")N there
exist subspaces Dz and D, z in X ® C™ such that

XQ®C'=Dz & (X ®C") & D, z, (4.1)
(A®Z)Dgz C Dz, (C®Z)Dgz = {0}, (A®Z) D,z C Dz, (BRZ)D,z = {0},
(4.2)

ARZ=(Px®L)A®Z)|(X2C"), BRZ=(Py®I,)(B®?2Z),

CozZ=(CeZ)|(X¥eC"), D®Z=D®Z (4.3)
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Proposition 4.1. The system $KVine — (N; ﬁzKV’nC;)?,u,y) is a dilation of the
system LEV:ne = (N, UKV-ne: ¥ 1Y) if and only if X D X, D = D, and for all
J € Z4 the following equalities of non-commutative polynomials hold:

(zA)? = Py(zA)| X, (2A)72B = Py(2A)IzB,

2C(zA) = 2C(zA)/|X, 2C(zA)zB = 2C(2A)J2B. (4.4)

Proof. From the definition of dilation above and Lemma 1.1 it follows that the
system YEV:n¢ is g dilation of the system XV if and only if D = D and for
every n € Z4 \ {0}, Z € (C"X”)N and j € Z,,

(A2Z) = (Pxol,)(A®Z)|(XeC"),
(A®Z)Y(B®Z) (Px®1,)(A®Z)(B®Z),
(CRZ)(A®Z)Y = (CoZ)(A®Z)|(XeC),

(CRZ(A®ZYB®Z) = (CRZ(A®Z)YBRZ).

to the non-existence of polynomial

The latter is equivalent to equalities (4.4) due
1,2,... (see e.g. [25, pp. 22-23]). O

) du
identities valid for all matrix rings C"*™ n =
As a corollary of the last of equalities (4.4) in Proposition 4.1 we obtain the

following statement.
Proposition 4.2. Transfer functions Tyxvne and Tsxv.a. of a system yKV.ne —

(N;URV:ne X U V) and of its dilation yKVine — (N; ﬁZKV*nC; z?,u,y) coincide.

Recall the notation

Aw = Ai1 e Aim (45)
forw=g;, ---gi,, € Fx \ {0} and A = (A;,..., Ax) € L(X)N, and
AY = I, (4.6)
We also introduce the notations for a non-commutative KV system XKVme —
(N; va7n°;X,U,y):
(AﬂB)w = Ai1 s A’im—lBimV w =g Y, € Fn \ {0}7 (47)
(COA)Y =Cyy Aiy -+ Aiyy w=gi, -+ gi,, € Fn \ {0}, (4.8)

(CbAﬂB)w = CilAig e AimleiWﬂ W= gi, " Gip, € FN \ {®7gl7 o agN}7 (49)

where, in particular,

(AtB)* = By, k=1,...,N,
(COA)* = Ch k=1,...,N,
(CbA$B)99% = CyB;, k,j=1,...,N.

Then, rewriting the equalities (4.4) in Proposition 4.1 as the equalities for the coef-
ficients of non-commutative polynomials, we obtain the following non-commutative
analogue of Lemma 1.1.

Proposition 4.3. The system YKVyne — (N; (NJZKV’“C;.)?,L{,)J) is a dilation of the
system LEVne = (N; UKVme. X 1 ) if and only if X D X, D = D, and the
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following equalities hold:

AY = PyA"|X, we Fy, (4.10)
(AfB)Y = Py(AtB)”, we Fy\{0}, (4.11)
(ChA)” = (ChA)|X, we Fn\ {0}, (4.12)

(ChAEB)” = (ChAIB)Y, we Fy\{0 g1, ...9x} (4.13)

Let the non-commutative KV system $KVne — (N; fj;(\/',nc; f,u,y) be a dila-
tion of the non-commutative KV system ZKV:n¢ = (N; UERV:ne: ¥ 14, ). We will
call such a dilation uniform if the subspaces Dz and D, z in X ®C" from the equal-
ities (4.1) and (4.2) are independent of Z and have the form Dz = DR C", D, z =
D,.®C™. Thus, SKV.ne ig called a uniform dilation of XX¥V-1¢ if there exist subspaces
D and D, in X such that

X=D®X®D,, (4.14)
A DCD, C;D={0}, Ay D.CD. By D.=1{0}, k=1,... N, (4.15)

Ap = PyAylX, Bp=PyBi, Cr=CiX, Dy=Dy, k=1,...,N. (416)

Proposition 4.4. The system $KVyne — (N; ﬁZKV’“C;)?,Z/l,y) is a dilation of the
system LEV:n¢ = (N UKVne: x4 ) if and only if XXV-1¢ is a uniform dilation
Of EKV7HC.

Proof. Clearly, only the necessity part is non-trivial. Suppose that $KV.ne jg 5
dilation of ¥KV:2¢, Then by Proposition 4.3, X D X', D = D, and relations (4.10)—
(4.13) hold. In particular, (4.10)—(4.12) imply (4.16). Set

D=\ AY((A-AgXx+ (B - BoU)
weFnN, ke{l,...,N}

where “\/ j L;” denotes the closure of the linear span of sets £; in a Hilbert space,
and

(EC—Ak)X+(§C—Bk)M::{Z;m—Akm—i—Ecu—Bku: mEX,uEL{}C/f.

Then D L X. Indeed, for arbitrary z € X,u € U,w € Fn, and k € {1,...,N} we
have, due to (4.10)—(4.11),

Px.&w ((Z]; — Ak)x + (E]; — Bk)u)
= PyA"%z — (PyA”|X) - Apx + Py(AiB)“%u — (PyA¥|X) - Byu
0.
Set
D,:=Xo (D& X).

Then (4.14) holds. From the definition of D we obtain that /TjD cD,j=1,...,N.
Further, for arbitrary z € X,u €e U,w € Fn, and k,j € {1,..., N} we have, due to
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(4.12)—(4.13),
CiA" ((Ay — Ay)z + (B — Byu)
= (CoA) g — ((CHA)S"|X) - Mg

+ (CPAFB)% Iy — ((éb_&)ww) - Byu
= 0.

From here we obtain @D = {0}, j =1,...,N. For arbitrary z € X and j €

{1,..., N} we have

X}m: (Z;x—ij)—l—ij € clos{(;l\; —A)XleXCDaX.

It was shown above that :4;@ C D. Hence :4?(7) @& X) C D@ X. From here we get
A'D, =4, (Dex): c (Dax)t =D,.

For arbitrary v € U and j € {1,..., N} we have

E;u = (E;u — Bju) + Bju € clos{(E; - B)U}eX CDa X = (D)

From here we get ,BZ*D* ={0}, j=1,...,N. Thus, relations in (4.15) hold true.
Finally, we have obtained that the non-commutative KV system £¥V-1¢ is a uniform

dilation of the non-commutative KV system LKV:ne, [

Theorem 4.5. Every dissipative non-commutative KV system YXV-1¢ has a (uni-
form) conservative dilation.

Proof. Let ¥RV:ne = (N; UKVne: ¥ 14 )) be a dissipative non-commutative KV
system. Then, as was shown in the proof of Proposition 3.1, for an arbitrary
T € DY,,, one has |[U® T| < 1, which means that UKV = >U € SAYW(X @
U,X ®Y). By Proposition 3.1 there exists a conservative non-commutative KV
system LKVne — (N, UKVne, ¥ X ¢, X ¢ ) such that Tixvome(2) = URVme,
ie.,
2D +2C(Iy —2A)" 2B = 2U.

Then from the uniqueness of the expansion of formal power series in homogeneous
polynomials we get 2D = 2U (which means that D = U) and for all j € Z,:

2C(zA)7 2B = 0. (4.17)
The conservativity of the system LEV.ne means that the linear polynomial
o = 0= Bl=li6 B
€ LXDXOU,XD(XDY))(21,...,2N)
(here we denote by L (z1, ..., zy) the linear space of polynomials in non-commuting
indeterminates 21, ..., zny with the coefficients in a linear space £) satisfies the con-

dition that U\I;V’nc is a unitary operator for every V € ¢*~. This linear polynomial
allows another partition:

zé z]:é.
2C 2D
e L(XeX)oU,(XBX)®Y)(21,...,2N),

U;(V,nc — UZKV,nc =,U =
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where . i )
~ A zB|X -~ (zB)|U
A= A B =
T Pa:€) A } T [ B | (4.18)
2C =] Py(zC) 2C ], zD = zD.

It is clear that one can associafge to thi.s partition a conservative non-commuta-
tive KV system $XV:n¢ = (N;UKVRe, ¥ @ XU, Y). Let us show that XKV:n¢ s
a dilation of ¥¥Vme To this end, according to Proposition 4.1, it is sufficient to
verify the equalities in (4.4). According to (4.18), zA = Py(zA)|X, i.e. for j =1
the first equality in (4.4) holds (for j = 0 it holds trivially). Let us apply induction
on j. Suppose that (2A)7 = Py (2A)|X for j =k € Zy \ {0}. Then by (4.18) and
(4.17) we have
(zA)"*1 = (2A)(2A)* = Py (2A) Py (2A)*|X
= Px(zA)(Iygx — Px)(zA)"X
AT X — Py (2C) Py (2A)F X
ALY — Py(2C)] A (zB)|X J(zA)F X
AT X — Py(2C)(2A) Py (zA) " Hx = ...
= Pr(zA)*X — Py (2C)(2A)* 1Py (2A)|X
AV Y — Py (2C)(2A)F 1 (2B)|X = Py(zA)*|x.
Thus the first equality in (4.4) is valid for all j € Z . Other equalities in (4.4)
are proved analogously. Therefore, ¥¥V:1¢ is a dilation of ¥X¥V:"¢. According to

Proposition 4.4, $KV.ne jg g uniform dilation of TKV-ne, O

4.2. The commutative setting. Let us recall (see [20]) that the commutative
KV system SKV:¢ = (N; UKV-e; X U, )) is said to be a dilation of the commutative
KV system YKV:¢ = (N UKV ¢ X,U,Y) if for every fixed z € CV the 1D system
SKVie .= (1;2A, 2B, 2C, zD; X U,Y) is a dilation of the 1D system XKV:© =
(1;2A, 2B, 2C, zD; X, U, )}) i.e. for each z € CV there exist subspaces D, and
D, in X such that

X=D.®X®D,., (4.19)
zAD, C D,, 2:CD, = {0}, (:A)*D, . C D, ., (:B)*D,.. = {0}, (4.20)
2A = Py(2A)|X, 2B = Py (zB), 2C = (2C)|X, 2D = zD. (4.21)

From Lemma 1.1 we obtain the following equivalent reformulation of this definition
(see Proposition 3.2 and Remark 3.6 in [20]).

Proposition 4.6. The system SKV.e — (N; UKVC X U,Y) is a dilation of the
system LKV = (N;URV-C; x U, V) if and only if X > X,D=D, and for all
2€CN and j € Z4 the following equalities hold:

(zA)? = Py(zA)|X, (zA)72B = Py(2A)IzB,

2C(zA) = 2C(zA)/|X, 2C(2A)/2B = 2C(A)’B. (422)

Note that the equalities (4.22) are equivalent to the same equalities for the com-
muting indeterminates z = (z1,...,zy) in the place of N-tuples z = (21,...,2n)
of complex numbers, which are understood in this case as equalities of commu-
tative (formal) polynomials, or equivalently, the corresponding equalities for their
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coefficients. For convenience of writing those relations for coefficients, let us recall
the following notations for symmetrized multipowers of operator tuples introduced
in [19] (we are using here a bit different, however equivalent, description of these
notations). Define the abelianization map v : Fy — ZY by w = g;, -+ g, — s =

(s1,...,8Nn) where s; € Z is the number of times that the letter g, appears in the
word w, and () — 0. For s = (s1,...,8n5) € Zf denote by ¢, the cardinality of the
set v~1(s). Clearly,
- (81 + -+ sn)!
s 81! e SN! ’
We set
A = Ty, (4.23)
AY = ot Y Av sezi\{o}, (4.24)
wey~1(s)
(AfB)* = ' > (AfB)”, sezl\{0}, (4.25)
wey1(s)
(ChA)* = ;' > (CoA)”, sezZ\{o}, (4.26)
wey~1(s)
(CPAB)* = ;' > (CLALB), (4.27)
wey1(s)

s € ZY¥ \{0,e1,...,en}, where e; = (1,0,...,0),etc.,
where we make use of (4.5), (4.7)—(4.9) on the right-hand sides of these formulas.

Remark 4.7. In case of the commutative N-tuple A we have

N
A =T A
k=1

i.e., a usual multipower.

Thus, the following commutative N-D version of the Sarason lemma is true (see
[20, Proposition 3.4]).

Proposition 4.8. The system TKVe = (N; ﬁZKV’C; XU, Y) is a dilation of the sys-
tem YKV = (N; UKV X U, V) if and only if X D X, D = D, and the following
equalities hold:

Vs € Z1Y A® = PyAs|X,
vs € ZY \ {0} (AfB)* = Px(AfB)’, (4.28)
Vs € ZN \ {0} (CrA)* = (ChA)*[ X, '

Vs € ZN\ {0,e1,...,en} (CbAB)* = (ChALB)®.
As a corollary of the last of equalities (4.22) in Proposition 4.6 we obtain the
following statement.
Proposition 4.9. The transfer functions Tyxv.. and Tskv.. of a system TKVie =
(N;URV-e. X U, Y) and of its dilation YKVe — (N; ﬁZKV’C;/ﬁU,y), respectively,
coincide.

The following criterion for the existence of a conservative dilation of a dissipative
commutative KV system has been obtained in [20, Theorem 4.2].
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Theorem 4.10. A dissipative system YKV:¢ = (N; UEV’C;X,U,J)) has a conser-
vative dilation if and only if the linear polynomial

KV, zA 2B
UKVe = U = { .C D ] eL(XDUXDY)[z1,...,2N]
(here we use notation L[z1, . .., zN]| for the linear space of polynomials in commuting
indeterminates z1,...,zn with the coefficients in a linear space L) belongs to the

class SAV(X DU, X DY),

Making use of this criterion and of the result of [23] on non-validity of the von
Neumann inequality for linear matrix-valued functions of more than two variables,
it has been shown in [20] that for NV > 3 not all dissipative commutative KV systems
have conservative dilations. _ B

Let the system ZKV:¢ = (N;UKV:¢; ¥ 14, Y) be a dilation of the system LEV:¢ =
(N;URV:e, X U, Y). We will say that such a dilation is uniform if the subspaces
D, are independent of z € CN, i.e., D, = D, z € CV, or equivalently, subspaces
D, . are independent of z € CV | i.e., D..=D, z¢ CN. The following theorem is
an improvement of Theorem 4.10.

Theorem 4.11. A dissipative system SXV:¢ = (N; UKV-C; X U, Y) has a uniform
conservative dilation if and only if the linear polynomial UXV+¢ belongs to the class
SAY (X U, X DY).

Proof. The necessity part follows from Theorem 4.10. For the proof of the suffi-
ciency part, assume that UKV belongs to the class SAY (X @ U, X @ Y). This
means that for any N-tuple T = (T7,...,Tn) of commuting strict contractions on
a common Hilbert space one has ||Uri.<v’C | <1. Let V = (Vq,...,Vy) be an N-tuple
of (not necessarily commuting) unitary operators on a common Hilbert space, say
H. Then for an arbitrary r : 0 < r < 1, the N-tuple rV = (rVi,...,rVy) consists
of (not necessarily commuting) strict contractions on H. The operators

10 W _
Tk._[o 0 }, k=1,...,N,
are commuting contractions on H ® H: for k,j = 1,...,N one has T}, T; = 0.

Therefore for an arbitrary r : 0 < r < 1, the N-tuple T = (vT7,...,rTy) consists
of commuting strict contractions on H @ H. Therefore,

KV, . KV, . KV,
O3 = iy 5" = i 05

| <1,

thus the associated non-commutative KV system SXV:n¢ = (N; UKV-ne: ¥ 14, ) is
dissipative. According to Theorem 4.5, XX¥V-"¢ has a uniform conservative dilation
$KV.ne — (N; ﬁfv’nc; /17,2/{73)), i.e., the system SKV.ne jg conservative and (4.14)-
(4.16) hold. Then the commutative KV system $KV-¢ = (N; UKV-¢; X, 1/, ), which
corresponds to SKV.ne and which is conservative as was noted in Section 3.1, is a
uniform dilation of the original commutative KV system 3XV¢, (]

Let us make an obvious, however important, remark that the commutative KV
system LKV = (N; UKV-e; X 14, )) is a uniform dilation of the commutative KV
system YKV = (N; UKV-c; X U4, ) if and only if the associated non-commutative

KV system SKVne — (N; fj;(v,nc; X,U,Y) is a uniform dilation of the associated
non-commutative KV system LEV:n¢ = (N; UKV:ne, ¥ 1/ )). The next example
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shows that in the commutative case not every dilation is uniform (in contrast with
the non-commutative case, see Proposition 4.4). Moreover, not every conservative
dilation is uniform, which means that Theorem 4.11 is indeed an improvement of
Theorem 4.10.

Ezample 4.12. Let us define systems
oY= (2; 0; C, {O}v {0})7 uEV = (2; UEV = ZA; (Cgv {0}, {0})7

where
0 0 22/\/§
ZA = 0 0 21/V2 |,
2/V2 —2/V2 0
and the state space of the first system, X = C, is identified with the subspace
col [ 0 0 1 ] C in X = C3. Then it is easy to see that for a pair of commuting
indeterminates z = (21, z2) one has

Py(zA)Y|X = ((zA))33 =0=zA, j=1,2,...,

which means due to Proposition 4.6 that the commutative KV system YKV ig
a dilation of the commutative KV system XXV:¢. However, for a pair of non-
commuting indeterminates z = (21, 22) one has

Py (2A)?|X = ((2A)%)33 = (2122 — 2221) /2 # 0 = (2A)?,

which means due to Proposition 4.1 that the non-commutative KV system LKV-ne

is not a dilation of the non-commutative KV system XXV:2¢ and thus by Propo-
sition 4.4 and by the remark preceding this example, the commutative KV system
YKEV:e i not a uniform dilation of the commutative KV system YXV:¢. Now set
. ~ ~ 0 .

BV i (05 = dA@E € = (@) C) o X o (@5%,C), {0}, {0}),

where

1 21/V2 2 /V2 0 0
o 0 0 2/V2 /2
A= 0 0 21/V2 —z1/V2
21/V2 —z/V2 @ 0

21

(here the (3,3)-block, i.e., the L(X, X)-block is indicated by a frame). One can
easily check that the commutative KV system KV ig a uniform conservative di-
lation of the commutative KV system ¥XV-¢. Then SKV.c is a conservative dilation
of XX¥V:¢ since the dilation of a dilation is again a dilation. However, YKV:e is not
a uniform dilation of ¥¥V:¢. Indeed, for a pair of non-commuting indeterminates

z = (21, 22) one has
Px(2A)%|X = ((2A)?)33 = (m122 — 2221)/2 # 0 = (2A)?,

where again we make use of Propositions 4.1 and 4.4, and by the remark preceding
this example.



CONSERVATIVE DILATIONS OF DISSIPATIVE MULTIDIMENSIONAL SYSTEMS 25

5. DILATIONS OF FM SYSTEMS

5.1. The non-commutative setting. We will say that the non-commutative FM
system SFMnc — (N; ﬁzFM’nC; /XN’,L{, Y) is a dilation of the non-commutative FM sys-
tem LEMne — (N, gFMne. x 14 ) if for every n € Zy\{0}and Z = (Z4,...,ZN) €
(€)Y the 1D system S5M™ .= (1;,A®Z,BRZ,C @1, D@ I,; X  C",.U ®
C", Y ®C™) is a dilation of the 1D system LM := (LA®Z,BRZ,C®I,,D®
I,; *@C",U®C",Y®C"), ie., for every n € Z; \ {0} and Z € ((C"X”)N there
exist subspaces Dz and Dy z in X ® C™ such that

X®C'=Dz & (X ®C") & D, z, (5.1)

(A®Z)Dz C Dz, (C®1,)Dz = {0}, (A®Z)*D.z C Diz, (BRZ) D,z = {0},
(5.2)

ARZ=(Pyol,)(A®Z)|(X®C"), BeZ=(Px®,)(BoZ),
Col,=(ColL)|(XeCh, D®l,=D®I,. (5.3)

Proposition 5.1. The system SFMne — (N; ﬁfM’nc; 2?,1/{,))) is a dilation of the
system LEMne — (N, UFMne. x 1 V) if and only if X D X, D = D, and for all
j € Z4 the following equalities of non-commutative polynomials hold:

(:A) = Px(2A)|X, (2A)7zB = Px(zA)/:B,

C(zA) = C(zA)/|x, C(zA)'2B = C(2A)2B. (5.4)

Proof. From the definition of dilation above and Lemma 1.1 it follows that the
system YFM:n¢ g 4 dilation of the system LFM:2¢ if and only if for every n € Z, \{0},
Z e (C™)N and j € Z,,

(A®RZ)Y = (ProlL,)(A®Z)|(XoC),
(A®Z)(BeZ) = (PxoL)AxZ)(BeZ),
(COL)A®ZY = (CeL)A®Z)|(XeC),

CeL)ARZBZ) = (CaL)AxZ)(BeIZ)

The latter is equivalent to equalities (5.4) due to the fact that there are no poly-
nomial identities valid for matrices of all sizes, see [25, pp. 22-23]. 0

As a corollary of the last of equalities (5.4) in Proposition 5.1 we obtain the
following statement.

Proposition 5.2. The transfer functions Tspmme and Tspvne of a system Y FM;ne
=(N;UMne X U V) and of its dilation X¥M1¢ = (N; UFMne, X 1/ V) coincide.

Rewriting the equalities (5.4) in Proposition 5.1 as equalities for the coefficients
of polynomials, we obtain the following non-commutative analogue of Lemma 1.1.

Proposition 5.3. The system SFMne — (N; (NIZFM’HC; PE,U,J)) is a dilation of the
system YEMne — (N.UFMne. x 14 V) if and only if X D X, D = D, and the
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following equalities hold:

AY = PyAU|X, we Fy, (5.5)
(AfB)" = Px(AfB)", we Fy\ {0}, (5.6)
CAY = CA"|X, we Fu, (5.7)
C(AIB)” = C(AfB)Y, we Fy\{0}. (5.8

Let the non-commutative FM system $FMne — (N; ﬁfM’nC; /?,u,y) be a dila-
tion of the non-commutative FM system XFM:n¢ = (N; UFMne, x 17 ). We will
call such a dilation uniform if the subspaces Dz and D, z in X ®C" from the equal-
ities (5.1) and (5.2) are independent of Z and have the form Dz = D®C", D, z =

D,®C". Thus, $FMonc ig called a uniform dilation of SFM:¢ if there exist subspaces
D and D, in X such that

X=D&XaD,, (5.9)

A DcD, CD={0}, A, D.CD., By D.,={0}, k=1,....,N, (5.10)
Ay = PyAu|X, By=PyB,, C=C|X, D=D, k=1,...,N. (5.11)
Proposition 5.4. The system yFMne — (N; ﬁZFM’nC; Q?,U,y) is a dilation of the

system LEFMne — (N, UFMnc, ¥ 14 V) if and only if SFMne i o uniform dilation
Of EFM,nc‘

Proof. Clearly, only the necessity part is non-trivial. Suppose that SFMne g 5
dilation of XFM:m¢. Then by Proposition 5.3 X D X and relations (5.5)—(5.8) hold.
In particular, (5.5)—(5.7) imply (5.11). Set

D=\ A((A-A)X+(Bi-BulU),
weFn, ke{1,...,N}
Then D L X (see the proof of Proposition 4.4). Set
D,:=X0(DaX).
Then (5.9) holds. From the definition of D we obtain that ;1;7) cD,j=1,...,N.
Further, for arbitrary z € X,u € U,w € Fn, and k,j € {1,..., N} we have, due to
(5.7)-(5.8),
égw ((;4\; — Ak)$ + (E;; — Bk)u)
— GRvi— (CRU|Y) - Aus
+ C(AfB)“9qy — (5K”|X) - Bru
= 0.

From here we obtain CD = {0}. Other relations in (5.10) are obtained in the same
way as in the proof of Proposition 4.4. Thus, the non-commutative FM system
YFMone j5 5 uniform dilation of the non-commutative FM system ZFM:ne, ([

Theorem 5.5. Every DV -dissipative non-commutative FM system LM has q
(uniform) DN -conservative dilation.
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Proof. Let the non-commutative FM system SFMne = (N; yFMne. x 14 ) he DN-
dissipative. Then (see the proof of Proposition 3.4) UFM»¢ ¢ SAVW(X U, X @
V). By [10], there exists a conservative non-commutative GR system S.6R-ne —
(N;USRne; ¥ = EB,ivzl X, X ®U, X ® ) such that

Tgonne(2) = D+ C(Ig - z2PA) ' 2PB = UM,

where P = (]51, .. .,PN) € £(2€)N7 with Py = Ps , k=1,...,N. Then, by virtue
of the uniqueness of homogeneous polynomial expansions of formal power series
(this follows, e.g., from the lack of any polynomial identities holding on all square
matrices of arbitrary finite size), we get:

: 0 0 -y zA 2B A~ a o~ _
D:[C D]’C'ZPB:{ 0 0 }vC(ZPA)jZPBZO(jzl,...). (5.12)

The last two relations can be rewritten as

A By

OBk:[ 0 0

:| (kzlaaN)7 O(Aﬁﬁ)wzo (UJEfN\{®7g1,,gN}),

(5.13)
where A = (4;,...,Ay) € L(X)N, with A, == PyA, k =1,...,N, and B =
(By,...,By) € L(X ®U,X)N, with B, := P,B, k = 1,...,N. The unitary

operator

. A B
U[é D

’ } ELXB(XBU),X B (X))

admits another block partition:

.. A B - -
G-0=| o §|ca@orou@oro)
where
A  Blx 5 : Blu 5
A= . LX®X), B= LUX®X
e | es@on. | B | cow o)
C=[PC ClelLXaxy), D=DeLU)).
Set P = (Py,...,Py) € L(X ® X)N, with P, := P,® Py, k=1,...,N. Let us
show that for j = 0,1, ... the following non-commutative polynomial relations hold:
(zA)Y = Py(AzPAY|x, (5.14)
(2A)7 2B = Py(AzPA)Y AZPB, (5.15)
C(zA) = C(AzPA)|x, (5.16)
C(zA) 2B = C(AzPAYAzPB. (5.17)

For j = 0 the equality (5.14) is trivial. For j = 1 we have due to (5.12)

PyAzPA|X = PvC2PB|X = zA,
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i.e., (5.14) is fulfilled. Let us apply induction on j. Suppose that (5.14) holds for
j=keZi\{0}. Then, due to (5.12),
(zA)kH 2A(2A)F = Py AzP APy (AzPA)F|X

= PxAzPA(Ig,, — Py)(AzPA)*|X

= Py(AzPA)"THX — Py A2PAP(A:PA)F|X

- X(AzPA)k+1|X—PXC'zPA(A PA+BzPPXC) S(AzPA)F X
= Py(AzPA)" X — Py(C2PA)(AzPA) P (APAR X = ..

= Py(AzPA)H X — Py(Cz P A)(AzPAIPs(AzPA)| X

= Pyx(AzPA)Y X — Py(C2PA)(AzPA)* 1 (AzPB)|X

= Py(AzPA)F X,

Thus, (5.14) is fulfilled for all j € Z,. Relations (5.15)-(5.17) are proved analo-
gously. Set XFMne .— (N; UFMme: ¥ 14 Y), where X := X @ X

rFM,nc ,__ ZA ZB

prMne [ i } |
With A = (/:11, . 7AN) S E(X)N, B:= (Bl, e ,BN) € £(U,X)N, Ak = APkA,
By := AP,B, k = 1,...,N. Then by Proposition 5.1, the system XFM:=n¢ is a
dilation of the system ZFMne, Unlike at the parallel point in the proof of Theorem
4.5, it may not be the case that XFM: 1¢ is DN _conservative (see Remark 5.6 below);
we overcome this difficulty by introducing a second dilation as follows. R

Let W be a unitary dilation of the contractive operator A = X@XUKX & X)

acting on a Hilbert space X>X=Xxa X, which exists according to the Sz.-Nagy
dilation theorem [28]. By the Sarason lemma [26, Lemma 0], there exist subspaces

D and D, in X such that ¥ =D& X @& D, and WD C D, W*D, C D,. In other
words, the operator W has the following operator-block matrix form:

Wi Wi Wis

W=| 0 A Wy |€LDoXaD,).
0 0 Wss
Define also
. 21]1) 0 0 .
2P = 0 =zP 0 ELDD®X DDy)(21,...,2N),
0 0 lep*
ie.,
Ip 0 0 0 0 O
P=(0 P 0 , Pob=10 P, 0| (k=2,...,N),
0 0 Ip, 0 0 O
[0 0 | K |
A= 0 A 0 |eLDPasX®D,), B:=| B | cLUDsX&D,),
0 0 Ip, 0
C"'::[O C O]GC(DGBX@D*,JJ), D:=D=D.
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Then
L 21W11 WmZPA 21W13 L W122PB
WZPA - 0 ,ZA 21W23 B WZPB = ZB
0 0 Z1W33 0
Set SFMne .— (N ﬁZFM’nC; X,U,Y), where
~ A :B
UFM,nC _ Z~
z C D k)

A:=(Ay,...,Ay) € LX)N, Ay, :=WP,A(k=1,...,N), B:=(By,...,By) €
C(L{,)?)N, By == WH,B (k=1,...,N), C := (. Then it is easy to check that,
with the choice of subspaces D and D, in X , the system S FMone ig o yniform dilation
of the system YFM:¢_ Since a dilation of a dilation is again a dilation, the system
$FMone ig  dilation of the system SFMn¢. Moreover, since the operator U is unitary,

so is L
. A B
V= { ¢ b } |
If VeuN nL(H)N, with some Hilbert space H, then we have the factorization

gev _ [We L)L, PioWe) 0y
v 0 Iy(X)IH

where the left factor is also unitary. Thus SFMone 5 o DN _conservative FM system
and LFMne ig 3 DN_conservative dilation of the system XFM:m¢. By Proposition 5.4,
this dilation is uniform. O

Remark 5.6. Our proof of Theorem 5.5 is based on the close relationship between a
DN _conservative realization of the linear function UF™M:m¢ and a certain dilation of
the corresponding non-commutative FM system SFM:"¢ ie., we use here the same
idea as in our proof of Theorem 4.5 on conservative dilation of a noncommutative
KV system (let us remark that this idea was used for the first time in [20] for the
proof of the conservative dilation theorem for commutative KV systems). However,
the proof of Theorem 5.5 appears to be more complicated in that it requires two
(rather than a single) dilation. The necessity for this extra dilation can be explained
as follows.

In the proof of Theorem 4.5 we consider a conservative realization 3KV:2¢ of the
linear function UKV:"¢ and then rearrange the underlying spaces, so that the state
space X of the system YXV:¢ which was a part of both input and output spaces
of the system SKV:2¢ hecomes a part of the state space of the new system 2KV-ne
and the linear function U, KVine coincides with U KV.ne 1t turns out that KV¢ is
a conservative dilation of ¥¥V:m¢, In the proof of Theorem 5.5 we first consider a
conservative GR realization 682 of the linear function UFM»¢ which can then be
viewed also as a DN-conservative FM realization of the linear function UX™:n¢. In
the case of FM systems, the linear function UX™:"¢ is not necessarily homogeneous;
moreover, its “A and B blocks” are homogeneous, while its “C and D blocks” are
constants. The latter results in more complicated relations (involving products of
the contractions C' and B and some projection operators) between the blocks of
UFMne and the blocks of USSR (see (5.12)) than the ones between the blocks
of UKV¢ and UKV (see (4.17) and the line above it) in the proof of Theorem
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4.5 for the case of KV systems. Nevertheless, the above mentioned relations allow
us to construct a DV-dissipative FM system YFMne which is a dilation of LFMne
but which is not necessarily D-conservative. This limitation then necessitates the
construction of a second, DV -conservative, dilation to complete the proof.

Remark 5.7. In the case where the feedthrough operator D of the (commutative
or non-commutative) FM system X¥M is zero, the connection between FM and KV
systems enables one to deduce Theorem 5.5 as a consequence of Theorem 4.5 (the
authors are thankful to an anonymous referee to pointing this out). This connection
was established in [11] for commutative D" -conservative FM and KV systems (the
condition D = 0 on a FM system is essential!); however, the same connection exists
for non-commutative DV-conservative FM and KV systems, and for commutative
or non-commutative polydisk-dissipative FM and KV systems. Let us also remark
that the above connection can also be used to deduce Theorem 4.5 from Theorem
5.5; however the latter procedure leads to no logical shortcuts since our direct proof
of Theorem 4.5 is simpler than the one of Theorem 5.5.

5.2. The commutative setting. We will say that the commutative FM sys-
tem XFMe — (N;UFM<; X 1, ) is a dilation of the commutative FM system
nFMe — (N UFMC X,U,Y) if for every fixed z € CV the 1D system ZFMC =
(1; zA,2B,C,D; X, U, Y) is a dilation of the corresponding 1D system ZFMC =
(1;zA,2B,C,D; X,U,Y), i.e., for each z € CV there exist subspaces D, and D2
in X such that

X=D,®X&D,._, (5.18)
2AD, C D,, CD, = {0}, (2A)*D,. C D.., (:B)*D,_. = {0}, (5.19)
zA = Py(zA)|X, 2B = Py(2B), C =C|X, D= D. (5.20)

From Lemma 1.1 we obtain the following equivalent reformulation of this definition.

Proposition 5.8. The system YFMe — (N; T}FMC 2? U,Y) is a dilation of the
system LEMe = (N; UFMe: X Y V) if and only if X o X, D = D, and for all
2e€CN andj€Z, the following equalities hold:

(zA)J‘:PX(zJ&)‘w (2A)12B = Px(2A)!2B,

C(zA) = C(zA)|X, C(2A)zB = C(2A)12B. (5:21)

Rewriting the equalities for commutative polynomials in (5.21) as the equalities
for their coefficients, we obtain the following commutative FM-system version of
the Sarason lemma.

Proposition 5.9. The system YFMe — (N; ﬁZFM’C; XU, V) is a dilation of the sys-

tem BEMe = (N; UM x 1, V) if and only if X D X, D = D, and the following
equalities hold:

Vs € ZN A® = PyAs|X,
s € ZY \ {0} (AfB)* = Px(A{B)°, (5.22)
Vs e ZY CAs = CA%|X, .

Vs € ZY \ {0} C(AtB)* = C(AtB)".

As a corollary of the last of equalities (5.21) in Proposition 5.8 we obtain the
following statement.
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Proposition 5.10. The transfer functions Tyrm.c and Tspyv,.. of a system »FM.e
and of its dilation X¥M:° coincide.

Theorem 5.11. The DV -dissipative FM system X¥M:¢ = (N; UM< X U, V) has
a DN -conservative dilation if and only if the linear polynomial

FM,c _ ZA ZB
U= = { c D

belongs to the class SAN(X U, X © Y).
Proof. Let the DV-dissipative system Y¥M<¢ = (N; UM< x 1/, )) have a DV-

conservative dilation LFM:¢ = (N; ﬁZFM, /’?,Z/l, Y). Then for each ¢ € TV the oper-
ator

} eL(XdU,XBY)|z1,-..,2N] (5.23)

B ~ ~
ITFM,C CA <B
C D

e = ceLXBUXBY)

is unitary. As was observed in Section 3, the non-commutative FM system $FMne —
(N;UEMne: ¥ 14 V) is then DN -conservative, i.e., for every V € U the operator

{7FMune _ ARV BoV
v Coly DIy
is unitary. Since an arbitrary N-tuple T = (T1,...,Tn) of (not necessarily strict

and not necessarily commuting) contractions on a Hilbert space, say H, has a
unitary dilation V = (V1,...,Vy) (see [29]), we have ||[Un"""| < [|USM™|| = 1,
and thus

*
FM,nc FM,nc
(") vr

Pxouyen (&EM’HC) Pxay)enUp " |(X @ U) @ H)

Pxauyon (ﬁgMnc> ﬁgM’nCWX eU)@H)

< Txguyer

we conclude that UFM¢ € SAV(X o U, X @ V), and then UM< € SAN(X &
Uxaey).

Conversely, suppose that UFM<¢ € SAN(X @ U,X ® V). Let us show that
the associated linear non-commutative polynomial UFM:2¢ belongs to the class
SA¥(X U, X ©Y). Indeed, if T = (T1,...,Ty) € DN, N (C™™)N for some

IN

matr
n € Z, \ {0} then the N-tuple T = (T1,...,Ty) € (C?"*2")N where
=~ |0 T _
Ty = [ 0 } k=1,....N,

consists of commuting strictly contractive matrices (note that ﬁﬁ =0, k,j =
1,...,N). Since

HUlF“M’nC = HRX@)/)@(@@{O})U,IF,M’C‘((/Y olU)® ({0} o (C"))H < HU;M’C

we obtain UFM¢ € SAN(X @ U, X @ Y). It is clear that for every N-tuple of
(not necessarily strict) contractions T one has ||U§.M’nc|| < 1, and so this holds
for every N-tuple of unitary operators. The latter means that the associated non-
commutative FM system LFMne — (N, UFMne. x 14 y)) is DN_dissipative. Then
according to Theorem 5.5 there exists a non-commutative FM system SFMne —
(N; UFMne. ¥ 1/, V) which is a (uniform) DN-conservative dilation of SFM:¢. One

<1

)
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can easily observe now that the corresponding commutative FM system TFMe —
(N; UM X U, V) is a DV -conservative dilation of M-, O

Let us remark that for N > 3 not all DV-dissipative FM systems have DV-
conservative dilations. Indeed, according to [23], for every N > 3 one can find an
N-tuple of operators A = (Ay,..., Ax) on a Hilbert space, say X, such that A, :=
zA € By(X)\ SAN(X). In other words, the commutative FM system %M =
(N; UM = 2 A; X,{0},{0}) is DV¥-dissipative, however the corresponding linear
function A, doesn’t belong to the class SAx(X). By Theorem 5.11, the system
YFMe has no DY -conservative dilation._

Let the system YFM¢ = (N; UFM<; X 1/, ) be a dilation of the system ZFM:¢ =
(N; UM x U, Y). We will say that such a dilation is uniform if the subspaces D,
are independent of z € CN, ie., D, =D, z € CV, or equivalently, subspaces D,
are independent of z € CV, i.e., D, , =D, z € CV. It is easy to see that the com-
mutative FM system YFMe — (N; ﬁZFM’C; XU, Y) is a uniform dilation of the com-
mutative FM system LFM¢ = (N; UFM; ¥ 14, )) if and only if the corresponding
non-commutative FM system SFMne — (N; UFMne; ¥ 14, V) is a uniform dilation
of the corresponding non-commutative FM system LFM:ne = (N; yFMne. x4 ),

The following theorem is an improvement of Theorem 5.11.

Theorem 5.12. The DV -dissipative system LFM< = (N; UM< X U, V) has a
uniform DY -conservative dilation if and only if the linear polynomial (5.23) belongs
to the class SAN(X U, X D).

Proof. The necessity part follows from Theorem 5.11. For the proof of the suffi-
ciency part, observe that the DV -conservative dilation YFMone of the system YLFMne
in Theorem 5.11 is uniform. Thus, in view of the remark preceding this Theorem,
the corresponding DV-conservative dilation SFMe of the system YFM:¢ ig also uni-
form. O

Let us remark that in the commutative case not every dilation of a FM sys-
tem is uniform (in contrast with the non-commutative case, see Proposition 5.4).
Moreover, not every DV -conservative dilation is uniform (which implies that The-
orem 5.12 is an improvement of Theorem 5.11). To show this, we may use Exam-
ple 4.12 and the observation that for the case where the input and output spaces
are zero (i.e., U =) = {0}) the notions of KV system and of FM system coincide,
both in the commutative and in the non-commutative settings.

6. DILATIONS OF BGM SYSTEMS

6.1. The non-commutative setting. We will say that the non-commutative
BGM system $BGM;nc — (G; ﬁ; )?, U,Y) is a dilation of the non-commutative BGM
system YLBOMne — (Gu U X U, Y) if, for each n € Zy \ {0}, Z = (Zey, .., Zey) €
(C"*™)N and s € {s1,...,8,4} there exist subspaces Dz s and D,z in )?S ® C™
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such that
)?S @C"=Dz:® (X RC")® D,z for s =s51,...,5n5, (6.1)
’v(‘;{?“(e),s ® ZC)DZ,S - DZ,s(e)v _ (6’3 ® In)DZ,s = {0};
(Ar(e),s Y Ze)*D*,Z,s(e) C D*,Z,S7 (Br(e) Y Ze)*p*,z,s(e) = {0}7
fore=e,...,ey and s = s1,...,Spq, (6.2)
Ar,s :PXTET,S|XSa Br :PXTé?"v Cs :53|X57 D:D,
for r=1ry,...,7n, and s = s1,..., Sng. (6.3)

In particular, we have the following special cases of this definition.
Non-commutative FM systems. In this case E = {ey,...,en}, S = {s1},
R={r1,...,rn}, A= colk=1,.  n[Ak], B =colk=1,. n[Bx]. Thus (6.1) turns into

X®C'=Dz&(X®C") & D, z, (6.4)
(6.2) turns into

(Avk b2 Zk)DZ - DZ7 (5 Y In)DZ = {O} k=1 N 6.5
A k . 2= =1,...,N,  (65)
(Ak ® Zk) Dy.z C Dy z, (Bk ® Zk) Dz = {0}7

and (6.3) turns into
Ay = PxAplx, By=PxB,, C=Cly, D=D, k=1,...,N, (6.6)

and altogether they are equivalent to the definition of dilation for non-commutative
FM systems given in Section 5.1. Indeed, (6.4) coincides with (5.1), (6.5) implies
(5.2), and (6.6) implies (5.3). On the other hand, by Proposition 5.4, any dilation
of a non-commutative FM system is uniform, and choosing Dz = D ® C™ and
D..z = D.®C"™ as in the definition of uniform dilation, we obtain that (5.9)—(5.11)
imply (6.4)—(6.6).

Non-commutative GR systems. Here £ = {ey,...,en}, S = {s1,...,8n},
R={r1,...,r~5}. Then (6.1)—(6.3) turn into

)?k®(C" :Dz,k@(Xk(&(C”)@D*,Z’k, k= 1,...,N, (67)
~(Akj ® Zf)'DZJ C DZ,k, ,on ® Inzpz,j = {0}, kj=1,. . ..N, (6.8)
(Akj ® Zj)* Dz k CDizjy (Br ® Zi)* Dy z ke = {0},

Ay = Py, Ayjlx,, B =Px.Br, C;j=Cjlx,, kj=1,...,N. (6.9)

Remark 6.1. Let us show that the dilation £BGMmne — (G U;?EJ/{,J)) of a non-
commutative BGM system 2BGMne — (G;U; X,U,Y), when these two systems are
considered as non-commutative FM systems (see Section 2.4), is in particular a
dilation of a non-commutative FM system in the sense of Section 5.1. Set Dz :=

D.csPzs» Diz = D,csgDez,s0 Ak = Is e, A € L(D,csXs), Br = Ise, B €
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LU, D,cgXs), k=1,...,N. Then (5.1) and (5.3) are obvious. We see also that

0 . 0
(I§7eg® Ze)DZ,s = gr(e),sl cee gr(e),sn,s ® Ze DZ,S
0 . 0

= (ET(e),s & Ze)DZ,s C DZ,s(e) C DZ,

where in the matrix above only the s(e)-th block row is non-zero, and we consider
the spaces Dz s and Dz 4() as the subspaces of the s-th and s(e)-th components
X, and X;(.) in the orthogonal sum P, g X, respectively. Therefore,

(A22Z)Dz =) (Iy A® Z.)@ Dz.. C Dz.
eeE seS

Since (5'5 ® I,,)Dz s = {0}, we have

(C®1,)Dz = (Ci®1,)Dz, = {0}.

seS
We see also that
0 oo (Aes)* -0 O
(Ifl,eA ® Ze)*D&ZvS(e) = ®Z; D*,Z,s(e)

0 ... (Ar(p) %s)* ... 0

ng

= @(AT(G)SJ®Z *Zs(e C@D*Zs =Dy z,
j=1

where in the matrix above only the s(e)-th block column is non-zero. Therefore,
(A®Z)"D, 7 = > (I5, A®2z) ) P Dizs = ( 1~7eﬁ® Z.)*D. 7.5(¢) C Ds z.
ecE ses ecE

Since

(s B2Z)Dz = ([0 . (B ... 0]02Z)@D.a,

ses
= ((BT(S))*®Z ) *,Z,s(e) _{O}
where in the row matrix above only the s(e)-th block entry is non-zero, we get

(ﬁ (29 Z)*D*Tz = Z(Ifl,eg & Ze)*D*.,Z = {0}
ecE

Finally, all the relations in (5.2) are fulfilled.
Remark 6.1 together with Proposition 5.2 imply the following.

Proposition 6.2. The transfer functions Tspevne and Tgpcuae 0f a system
$BGMne — (G U X,U,Y) and of its dilation XBEM1e = (G, U; X,U,Y) coincide.
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Let the non-commutative BGM system SBEM:ne — (G U; X, U, Y) be a dilation
of the non-commutative BGM system LBEM:re — (G: U; X,U,Y). We will say that
such a dilation is uniform if the subspaces Dz s and D, z 5 for s = s1,..., 5,4 from
the equalities (6.1) and (6.2) are independent of Z and have the form Dz ;, = D,QC"

and D, z s = D, s®C". Thus we say that YBGM ne jg uniform dilation of »,BGM;nc

if there exist subspaces Dy and D s in /'?S such that

QEgzDsEBXSEBD*7S for s =s1,..., 8ng, (6.10)
Ar().sDs C Dy, C,D, = {0},
Av:(e),sp*vs(ﬁ) C Dus, §;‘(6)D*7S(e) = {0},
fore=e1,...,en, S=51,...,5ns, (6.11)
A,.o= Py A x., B.=PyB, C,=Cixr, D=D
forr=7r1,..., npn, S=51,...,5ng- (6.12)

It is easy to see that this definition agrees with the definition of uniform dilation
given in Section 5.1 for the particular case of non-commutative FM systems. For
the particular case of non-commutative GR systems, (6.10)—(6.12) turn into

Xy =Dp® X ®D,p for k=1,... N, (6.13)

Ngkjpj C Dy, ?J'Dj = {0}7
AZjID*ak C D*,j7 BZD*,/C = {O}’ )

Ayj = Py, Ayjlx,, By = Px, By, Cj=Cjlx,, D=D, k,j=1,...,N. (6.15)

k,j=1,...,N, (6.14)

Given a BGM system YBM = (G;U; X,U,)), let us introduce, adapting the
notation from [2], the following notations: for w = e;, ---e; ~a word in the edges
of the graph G, with m =2,3,..., set

m

AY = Ar(eil),s(eiZ)Ar(eig),s(eig) to Ar(eimil),s(eim)a (CbA)w = CS(eil)Awa
(AIjB)w = AwBr(eim)a (CbAﬂB)w = CS(e,yl)AwBr(e“n)v
and also
Ak = IXr(ek) = IXS(%), (CI?A)SI" = Us(ep)s (AI:tB)e’c = Br(ek)a k=1,...,N.

Proposition 6.3. For non-commutative BGM systems XBEM1¢ — (G U; X, U, Y)
and $BGMnc — (G; (7; z?,u,y) the following statements are equivalent:
(i): BBOMxe o ¢ dilation of RBCMne,
(ii): LBOMnc s o uniform dilation of LBEMne;
(iii): /'?p DX, forp=pi,...,Pnp, and the following equalities hold for w =
€iy €, m=1,2,...:

A% = PXT(%)K’” Xs(es,)? (6.16)
(A$B)" = Pu,,, ,(4B)", (6.17)
(A = (COA)[x,, (6.18)

(ChAEB)” = (CbAEB)™. (6.19)
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Proof. (i)=(iii). From the definition of dilation of non-commutative BGM systems
it follows that A}, D A}, for each p € P. By Remark 6.1 and Proposition 5.3, it
follows from (5.5) that for w =e;, ---¢;,,, m=1,2,...,and k=1,..., N one has

AP = Ar(eil)vs(eig)AT(eig)vs(€13) e Ar(e¢m71),s(eim)Ar(eim),s(ek)
= PXS(Cil ) Iz’eh AIE7€1'2 A Izveim A

XS(Ck)

— w _ A w
- PXS(Cil)A XS(%) - PXS(Cil) (P@ses XSA |@ses XS) XS(%)
- P ;&w = P P~ Aw ~
XS(ei1> Xs(ek) Xs(eil) Xs(eil) |Xs(ek) Xs(ek.)
= P Py Is Alz  A--Is  Alg
Xs(es)) Xse;) D€y~ Dieiy 3eip T ey | | Foter)

= Py,

serp Aren ) sten) Areny) s(eny) * Arler,, ) s(ein) Arlein, ) sten) [ Xage,)

_ Awey
- Perl)A

Xs(ek)

(here we used the fact that Xr(er)) = Xs(eil)). Thus, (6.16) holds. The proof of
equalities (6.17)—(6.19) is analogous.
(iii)=-(ii). We define for s € S:

Ds = \/ Avw Z(gr(eim),s(ej) - Ar(eim),s(ej))Xs(ej)

N
:m>1,s(ei; )=s Jj=1

W=E€41 " Cip,

+ (Bre) ~ Bries, ) U) -

Then D; C /’?r(eil) = fs(eil) = fs. Moreover, Dy, L X,. Indeed, for arbitrary
JeEA{L...,N}, x5 € Xye)y, u €U and w = e, ---¢;,, with m > 1, s(e;,) = s, we
have

P, A" (Ar<eim>,s<e,->xj = Ar(ein)s(e) i T Briei, )~ Br(eimw)
= szgwej.rj - (P_st?{w

XS(Eim)) . AT(eim),S(Ej)mj

+ PXS (ng)wu - (PXs;lw|Xs(eim)) ’ Br(ez‘m)u

= Awejxj —AY . A ),s(e;)%i + (AﬂB)wu — A% BT(eim)u
0.

T(€im,

Hence Py, Ds = {0}, and D; L X;. Set

D,y:=X, 0D ®X,), seb.

)

Then (6.10) is true. From the definition of Dy we obtain that er(e)yst C Dy(ey, 8 €
S, e € E. Further, for arbitrary j € {1,...,N}, z; € Xy,), v € U and w =
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ei, -+ -€;,, with m > 1, s(e;;) = s, we have
CsAY (AT(Ei—,n)7S(Ej)xj — Ar(es,)s(e) i T Brie,, ) — Br(e“")u)
= (CbA)wejxj — ((CbA)w‘XS(Cim)) 'Ar(eim),s(ej)xj

+ (CoAB) u— ((CoA) |, ) * Brtesy
(CbA)wej.’L‘j — (ChA)” 'A’I"(Eim),S(e]‘)mj + (ChAEB)Yu — (ChA)™ - Br(eim)u
0.

From here we obtain that C;D, = {0}, s € S. For arbitrary e € E, s € S, s € X
we have

Ar(e),sxs = (Avr(e),sxs - Ar(e),sxs) + Ar(e),sxs € Ds(e) S2) Xs(e)-
It was shown above that gr(e)’st C Dy(e)- Hence, gr(e),s(DSGBXs) C Dy(e) D Xs(e)-

From here we get (gr(e)7s)*’l)*7s(e) C D, s. For an arbitrary u € U we have

Br(e)u = (Br(e)u - Br(e)u) + Br(e)u € Ds(e) 2] Xs(e) = Xs(e) S D*,s(e)~

Then we get (Bye)) Dy sy = {0}, e € E. We have proved all the relations
in (6.11). The equalities (6.12) are special cases of the equalities (6.16)—(6.18).
Finally, the system $BGM.nc ig o yniform dilation of the system YL.BGMne,

(if)=-(i) is obvious. O

Remark 6.4. Tt is easy to see that the dilation SBEM:n¢ of 4 non-commutative BGM
system LBEMne ig yniform if and only if it is uniform as a dilation in the sense
of non-commutative FM systems (see Remark 6.1). Thus the equivalence (i)<(ii)
follows also from Proposition 5.4.

In order to prove a conservative dilation theorem for non-commutative BGM
systems we will need a unitary dilation lemma for 1D operator nodes. Let

A B
U= [ c D ] ELX DU, X D).

We will call the collection of data o = (1; A, B, C, D; X1, Xo,U,Y) a 1D contractive
(respectively, unitary) operator node if U is a contractive (respectively, unitary)
operator. Clearly, in the case where X; = Xy (= X) we get the standard definition
of 1D operator node, and in this case we write « = (1; 4, B,C, D; X, U,Y). The
1D node & = (1; A, B,C, D; Xy, Xo,U,)) is said to be a dilation of the 1D node
a = (1;A,B,C,D; X1, Xy,U,Y) if there exist subspaces Dy and Dj . in Xy, and
subspaces D2 and Dy , in 282 such that

X;=D;®X;©D;., j=12

and with respect to these decompositions,

A:

o o %
S ¥
S
Il
oy *

C = [ 0 C =« ] .
Lemma 6.5. Fvery contractive 1D node has a unitary dilation with D1 = Da,

Dl*:D2*'

s )
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Proof. For the case where X; = X, this Lemma is a well known fact [5].
Let « = (1; A, B,C, D; X1, X5,U,Y) be a contractive 1D node. Then so is § =

A B
(1;0,0,0,U = [ C D
that there exists a unitary dilation 3 = (1; AB,CU; X, X 0U, XD V) of a node
0, i.e., there exist Hilbert spaces D and D, such that

] {0}, X10U, Xo®Y). Tt follows from the paragraph above

X =D& D,,

and with respect to this decomposition and the decompositions X7 U and X5 &Y
of the input space and of the output space, respectively, of the node g,

A:|:A11 1{112:|’ B:[Bll 312:|,

0 Ay 0 0
v [0 Cn
10 Oxn |’

X,=DoX,®D,, Xo=DDX,®D,,

and with respect to these decompositions,

~ 12111 Bn 14:112 _ Bis
A= 0 A Cio |, B= B ,
0 0 Ay 0

é = [ 0 C OQQ ] .
Clearly, & is a dilation of «. Since the operator
. A B
U:(iD cL(DeXieD.)eU,(DOX®D,) DY)

is obtained from the operator

- A B
U{é U}EEQD@DQ@M&@W&D@DQ@G&@yD
by the permutation of subspaces:
1 0 00 10 00
~ 001 0|~|0O0T10O0
U= 01 00 v 01 0 0|’
0 0 01 00 01

U is a unitary operator. It follows that the 1D node @& is a unitary dilation of the
1D node a. (]

Theorem 6.6. Every dissipative non-commutative BGM system has a (uniform)
conservative dilation.
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Proof. Let the non-commutative BGM system YBEM:n¢ — (G U; X,U,)) be dissi-
pative. Then the operator

U= {é g} eﬁ((ﬂ%&) o U, (@X) @y>

is contractive, i.e., the 1D node a = (1; A, B,C,D; @, g Xs, D, cp &, U, V) is
contractive. By Proposition 6.5, this 1D node « has a unitary dilation & =
(1; A, B,C, D; X1, X5,U,Y), where

ses r€R
Define the 1D node & = (1; A, B, C, D; Xy, X5, U, Y), where
—1 00
- (8] (@) 67)
k=—o0 s€s k=1
—2 0o
. ( o) D<k>> ¥ o @u&“),
k=—o00 k=2
—1 0o
%= ( S D(’”) ® 2@) ® (@D&“)
k=—o0 rer k=1

D) (respectively, ng)) are different copies of D (respectively, D.), k = 1,2,...,
and

hS
I

I 0 0 -2 0o
i 0 A 0 eﬁ((@ D<k>>@2€1@<@p£’“>>,
00 I

k=—o00 k=2

(& 7) e (@07))
B 5 eﬁ(U,( é D(’@)esﬁégea(éw’”)),

0 k=—o00 k=2
72 o0
¢ = [0 ¢ 0] eﬁ(( D D““’) QX O (@Dﬁk)>,y>~
k=—o00 k=2

Clearly, & is a unitary dilation of &. Since, in turn, ¢ is a unitary dilation of «, so
is &.

Let S = {s1,...,s,} (vespectively, R1 = {ri,...,7,}) be the first path com-
ponent in the set S (respectively, R) of source (respectively, range) vertices of the



40 J.A. BALL AND D.S. KALIUZHNYI-VERBOVETSKYT

graph G. Set
0 0o
Dsi = @ D(_i+jy)7 D*,Si = @Dﬂ(s“r]y)a i=1,...,v,
j=—o00 Jj=0
Ds, = {0}=D.s;, i=v+1,...,ng,
0 0o
DTZ = @ D(_l"l‘j,u)’ D* = @ D£l+jﬂ)’ l = 1) sy My
j=—oc0 j=0
D, = {0}=D.,, l=p+1,...,ng,

s  — Dsi@Xsi@ID*,s“ 7;:17"-7n5a
X, = D, ®X, ®D.r, l=1,...,05.

Tl
Then the spaces X; = ®, X,, and Xy = d X,, are obtained from the spaces X
and )22, respectively, by subspace rearrangement transformations 77 = 1} = 17 !
and Ty = Ty = T, '. The corresponding 1D node & = (1; A, B,C, D; Xy, Xo, U, V) is
unitarily similar to the 1D node & = (1; A, B,C,D; Xy, X, U, V), i.e., with unitary
operators T} € E()el, 2?1) and Ty € ﬁ(&, 282),

A=T,AT]', B=TB, C=CT "

Since

_ [T o [Tt oo

- 0 Iy 0 Iy
is a unitary operator, & is a unitary 1D node. Then the system ¥BGMne _
(G;U; xX,U,Y), with X = {X,},cp, is conservative. It is now straightforward

to check that the relations (6.1)(6.3) hold, and thus XBGMm¢ js a conservative
dilation of XBGMne, O

Remark 6.7. For the case where u = v it suffices to have finitely many copies of
the spaces D and D,:

X = (é D(’“)> ® (EB)@) ® <§Dik’> :

k=—v SES
1 v
. (@ p<k>>@<@xr>@<@pw>,
k=—v reR k=1
then define

D, = D, =D D,, =D, =DV i=1..v,

Ds, = {0}=D,s,, i=v+1,...,ng,

D,, = {0}=D.,, l=p+1,...,ng,

Dy, ® Xy, ®Dyys,, i=1,...,ng,

X, = D, &X, ®D.p, l=1,...,np,

and proceed in the same way as in the proof of Theorem 6.6 for the definitions of
&, &, and RBGM.ne,
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6.2. The commutative setting. We will say that the commutative BGM system
$BGM,c — (G; U, X, U, Y) is a dilation of the commutative BGM system YBEM< =
(G;U; X,U,Y) if there exist subspaces Dy and D, s in X,, s € S, such that
(6.10)—(6.12) hold, i.e., if the associated non-commutative BGM system SBGMne —
(G; U, XU, V) is a uniform dilation of the associated non-commutative BGM sys-
tem RBEMne — (G U X,U,)). Let us note that the structure of BGM systems
forces this definition of dilation for commutative BGM systems to be the most
natural. E.g., if one tries to adapt the definition of dilation of a non-commutative
BGM system from Section 6.1 to the commutative case by considering subspaces
D, s and D, , , for z € CV satisfying (6.1) and (6.2) then these subspaces turn out
to be independent of the value of z, thus the dilation can be chosen uniform.

Proposition 6.8. The transfer functions of a system yBG&Me — (G U; X, U, V)
and of its dilation ¥BM< = (G;U; X,U,Y) coincide.

Proof. By Proposition 6.2, the transfer functions of the associated non-commutative
BGM systems SBGMne — (G U; X,U, V) and XBEM1e — (G;U; X, U, ) coincide:
TysoMine = Tspemae. Replacing the non-commuting indeterminates by the com-
muting ones gives the equality Txsem.c = Tspam.c- [

From Theorem 6.6 and the definition of dilation of a commutative BGM system
we obtain the following.

Theorem 6.9. FEvery dissipative commutative BGM system has a conservative
dilation.

Thus, we see some discrepancy in properties of dissipative commutative BGM
systems, on the one hand, and of dissipative commutative KV systems and D"-
dissipative FM systems, on the other hand.
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